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1. Introduction

Zahedi [17], in1992 presented the concept of a fuzzy ideal A
fuzzy subset K of aring R is called a fuzzy ideal of R, if VX, y €
R: K(x-y) > min{K(x), K(y)} and K(xy) > max{K(x),K(y)}".
Mukhrjee [13], in 1989 intoduced the concept of prime fuzzy ideal
" A fuzzy ideal H of a ring R is called a prime fuzzy ideal if H is a
non-empty and for all ag, b; fuzzy singletons of R such that
asb, € H implies that either a; € A or b, € H, Vs, € [0,1]".Deniz
et al [3], in 2017 presented the concept of 2-absorbing fuzzy ideal
which is a generalization of prime fuzzy ideal. Darani and
Soheilnia [2], in 2011 introduced the concept of 2-absorbing
submodule "a proper submodule N of M is called 2-absorbing
submodule of M if whenever a, b € R, me M and abm €N , then
am €N or bm €N or ab €(N:zM)". Hatam and wafaa [7], in 2018
expanded this concept " Let X be fuzzy module of an R-module
M. A proper fuzzy submodule A of X is called T-ABSO fuzzy
submodule if whenever a,,b; be fuzzy singletons of R, and
x, €X,Vs,L,ve[0,1] such that ash;x, S A then either ash, <
(A:ig X) or agx, €A or byx, € A" Abdulrahman [1], in 2015
presented the definition of 2-absorbing module™ An R-module M is
called a 2-absorbing module if zero (0) submodule of M is 2-
absorbing submodule " equivalently " if whenever a, b € R, me M
and abm =0 , then am =0 or bm =0 or ab € annM". Hadi [4], in
2004 presented the concept of semiprime fuzzy submodules "Let A
be a fuzzy submodule of a fuzzy module X of an R-module M such
that A# X, Ais called semiprime fuzzy submodule if for each fuzzy
singletone 1, of R, x, <X, r?x, €A implies rx, S A "
Maysoun [11], in 2012 introduced the concept of semiprime fuzzy

module "Let X be a fuzzy module of an R-module M, X is called
semiprime fuzzy module if for each non-empty fuzzy submodule A
of X, F-annA is a semiprime fuzzy ideal of R".Hatam [6], in 2001
introduced the concept of quasi-prime fuzzy submodule™ A fuzzy
submodule A of a fuzzy module X of an R-module M is called a
quasi-prime fuzzy submodule of X if whenever a.b;x, € A for
fuzzy singletons ag, b, of R and x, € X, Vs,I,v € L, implies that
asx, €A or  bx, S A".Also Abdulrahman [1], in 2015 is
circulated the concepts of 2-absorbing submodules and 2-absorbing
modules to semi-2-absorbing submodules and semi-2-absorbing
modules.
This paper be composed of two sections

In section (1) we present and study the concept of semi T-ABSO
fuzzy submodule as a generalization of T-ABSO fuzzy submodule
and we give many properties, characterizations and relationships
between semi T-ABSO fuzzy and other concepts.
Futhermore we debate the direct sum of semi T-ABSO fuzzy
submodules. In section(2) we present the concept of semi T-ABSO
fuzzy modules , so many properties and characterizations are given
. Also we debate the direct sum of semi T-ABSO fuzzy modules.
Note that we denote to fuzzy: F., module: M., submodule: subm. ,
[0,1]: L, otheroiwse: 0.w.

2. Semi T-ABSO F. Subm.

In this section we present the concepts of semi-T-ABSO F.
ideal and semi T-ABSO F. subm. Also introduced and study some
properties and relations of semi-T F. subm. with other concepts of
F. subm.

Frist we give the proposition specificates of T-ABSO F.
subm. in terms of its level subm. is given:

"Proposition 2.1. Let A be T-ABSO F. subm.of F. M. X of
an R- M. M iff the level subm. A, is T-ABSO subm. of X,, for
allvel,[7]".

Now, we present the concepts of a semi T-ABSO F. ideal.and
semi T-ABSO F. subm. as follows:

Definition 2.2. A proper F. ideal H of a ring R is called a semi T-
ABSO F. ideal if for F.singletons as, b, of R such that a?b, € H,
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v's, | € L, implies either a;h, € A or a2 € A ; that is F a semi T-
ABSO F. subm. of X of an R- M. R.

Definition 2.3. A proper F. subm. A of F. M. X ofan R- M. M is
called a semi T-ABSO F. subm. of X if for F. singletons a, of R
and x,, € X such that aZx, € A4, Vs,v € L, implies either a,x, S A
or a? € (A:iz X).

The proposition specificates a semi T-ABSO F. subm. in
terms of its level subm is given:

Proposition 2.4. Let A be F. subm. of F. M. X of an R- M. M.
Then A'is a semi T-ABSO F. subm. of X iff the level 4, isasemi
T-ABSO subm. of X, , V ve L.

Proof. (=) Let a?x € A4, for each a€ R, x € X, , V VE L, then
A(a?x) = v, hence (a%x), C A so that aZx, < A where v=min{s,
k} and (a?), = a2 . But Ais a semi-T-ABSO F. subm., then either
axx, €A or a?c (4xp X) hence (ax), €A or (a?),c
(A:x X), implies ax € 4, ora? € (A,:x X,). Thus 4, isasemi-T-
ABSO of X,,.

(&) Let a2x;, € A for F.singleton a; of Rand x, € X, V sk € L,
then (a?x), S A where v=min{s, k}, hence A(a’x)> v so that
a’x€A, . But A, is a semi T-ABSO subm. of X,, then either
ax € A, or a® € (A,:x X,), hence (ax), S A or (a?), S (4:iz X),
so that a,x, € A or a? € (A:zx X). Thus A is a semi T-ABSO F.
subm. of X.

Remarks and Examples 2.5

(1) Every semiprime F. subm. is a semi T-ABSO F. subm.
Proof:
Let a?x, € A for F.singleton a, of R and x,, € X. Since
semiprime F. subm., then that a,x,, € A. So that A isa semi T-
ABSO F. subm.
However the converse incorrect, for example:

Let X:Z—L such that X(y)= {t if yOEWZ

It is obvious that X is F. M. of Z- M. Z.
ifyeaz
Let A: Z—L such that A(y) ={2 ify

0 0.W.
It is obvious that A is a fuzzy submodule of X.
Now, A is a semi T-ABSO fuzzy submodule of X since

2.11=4.C A, 2} = 41 C A where A(4)=% > § , but Ais not
3 3 3 3 3
semiprime fuzzy submodule since 21. 1:=21& A because
3 3 3

A(2)=0:s§ .

(2) It obvious that every T-ABSO F. subm. is semi T-ABSO F.
subm. However the convrse incorrect for example:

Let X:Z@Z—L such that X(x,y)= {1 if (vy) €282

0.W.
It is obvious that X is F. M. of Z- M. Z@Z
Let A: Z&Z —L such that
A(xY) ={]6 if (y) €1028(0) /¢ |

0.W.
It is obvious that Ais F. subm. of X .

Now, A,=10Z&(0) is not T-ABSO subm. in X,,=Z2@Z as Z-
M. since 2.5(1,0)=(10,0)€10Z&(0), but 2(1,0)¢10Z¢(0),
5(1,0)¢10Ze(0) and 2.5¢(10Z&®(0):, ZSZ)=(0). But 4, is a
semi T-ABSO subm. since if r’(x,0)€A, then r’x€10Z,
hence it obvious that 10Z is semiprime, that is r x€10Z, Thus

r(x,0)e10Z(0)= A,. Then A, isasemi T-ABSO subm. Thus
A'is a semi T-ABSO F. subm.

(3) Every a quasi-prime F. subm. is asemi T-ABSO F. subm.
However the converse incorrect. Consider the example in
part(1) where A is semi T- ABSO F. subm., but A is not
quasi-prime F. since 21 21 11 41CA but21 11 21 € A.

(4) Let A, B be F. subm. of F M XofanR M Mand ACB.
If Aisasemi T-ABSO F. subm. of X then A isa semi T-
ABSO F. subm. of B.
Proof. Let be F. singleton r;, of R and x,, € B such that
r?x, €A, VKVEL.Since Bis F. subm. of X then x,, € X
and r#x, C A, then either r,x, € Aor 12 € (A X). If
rk c (A X) then r2X < A and since B is F. subm. of X, hence
2B € r#X ,sothat 2B € A implies 2 € (A:x B). Thus Ais a
seml T-ABSO F. subm of B.
(5) The intersection of two semi T-ABSO F. subms is not
necessary that a semi T- ABSO F. subm., for example:

Let X: Z3,—L such that X(y)={" . if y OE f}lz

Itis clear that X is F. M.of Z-M.Z.

Let A: Z,,—L such that A(y) :{” fye® yyel
o.w

Let B: Z,,—L such that B(y) {” fye®) yyep
0.W.

It is obvious that A and B are F. subms of X .

Now, 4,=(4) , B,=(6) and X,=Z,, as Z- M. It is obvious that
A, and B, are semi T-ABSO subms, but 4, N B, =(4) n (6)
=(0) isnot semi T-ABSO subm. since 22 (3)= (0),but

2. 3)#(0)and 2°¢ annZ,, = 12Z. So that A and B are semi
T-ABSO F. subms, but ANB is not a semi T-ABSO F. subm.

of X.
. _(1 ifyez
(6) Let X:Z—L such that X(y) { o T

It is obvious that X be F. M. of Z- M. Z.
. 2
Let A: Z—L such that A(y) :{16 if y €pZ VveL
0. W.

Where p is a prime number.

It is obvious that Ais F. subm. of X.

Now, A, = p?Z and X, = Z as Z- M

It is obvious that A4, , p is prime number is a semi T-ABSO
subm. Thus Ais a semi T-ABSO F. subm. of X.

(7) Let A, Bbetwo F. subm. of F. M. X of an R- M. M suth that
A=B. If Ais asemi T- ABSO F. subm. then it is not necessary
that B is a semi T-ABSO F. subm.for example

Let X:Z—L such that X(y)= {t if yOEWZ

It is obvious that X is F. M. of Z- M. Z.
Let A: Z—L such that A(y) :{v lfoyvf 4z VveL

Let B: Z—L such that B(y) ={* if y € 602
It is obvious that A and B are F. subm. of X.
Now, A,=4Z , B,=60Z are subm.of X,=ZasZ- M. and
47=60Z, but A, = 4Z is semi T-ABSO while B,=60Z is
not semi T-ABSO subm. of X,,. So that A=B where Aisa
semi T-ABSO F. subm., but B is not semi T-ABSO F. subm
of X.

VvEeL
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(8) If Ais semi T-ABSO F. subm. of F. M. X of an R- M. M and
BCA, it may be that B is not semi T-ABSO F. subm. for
example:

Consider the example in part(7), where A is a semi T-ABSO

F. subm., BcAsince B, = 60Z c A, = 4Z, but B is not
semi T-ABSO F. subm. of X.

Recall that “Let A be a F. subm. of F. M. X of an R-module 7,
then A is called an irreducible F. subm. if for all two F. subms B
and K such that BNK=A then B=A or K=A otherwise A is called
reducible, [12]".

Proposition 2.6. Let X be F. M. of an R- M. M and A is
irreducible F. subm. of X. Then the following expressions are
equivalent:

1- Aiis T-ABSO F. subm. and (A:z X) is semi prime F. ideal.

2- Alisaprime F. subm.

3- Alisasemiprime F. subm.

4- A'is a quasi prime F. subm.

5- Ais T-ABSO F. subm. and (A4:g X) is a prime F. ideal.

Proof. (1)=(2) Let 7, (rx,) € A for F. singleton 7, of R and
x, € X. Since A is T-ABSO F. subm., then 7,x, €A or rZ C
(A:g X). If 1x, € A then we are done. If 72 € (A:x X), then
1 € (A:g X) since (A:z X) is a semiprime F. ideal. so that A is a
prime F. subm.

(1)=(3) Let r?x, < A for F. singletons r;, of R and x,, € X. Since
A is T-ABSO F. subm, then ryx, €A or 1?2 € (A:;x X). If
X, S A the proof is complete.

If r2 € (A:z X), then 1, € (A:x X) since (A:z X) is a semi prime F.
ideal. Hence r,x,, € A. Thus A is a semi prime F. subm.

(2= (3)By [12].

(3)= (4) By [6].

(4)=(5) Since A is a quasi prime F. subm., then A is T-ABSO F.
subm. and (A:z X) is a prime F. ideal by [6].

(5)=(1) Itis clear.

Proposition 2.7. Let X be F. M. of an R- M. M and A and B be F.
subm. of X. Then A is a semi T-ABSO F. subm. iff r?B < A for
F. singleton r, of R, Vke L, implies 1, B € A or r? € (A:g X).
Proof. (=) Let r2B < A for F. singleton 7, of R. Assume there
exists x,, € B such that r,x,, € A4, since 2B € A, hence r#x, € A,
but A is a semi T-ABSO F. subm. and r.x,, € A.

Then 2 € (A:iz X).

(&) Itis obvious.

Proposition 2.8. Let A be a proper F. subm. of F. M. of an R- M.
M. If Ais a semi T-ABSO F. subm. of X, then (A:z X) is a semi
T-ABSO F. ideal.

Proof. Let ag, b, be F. singletons of R, such that a2b, € (A:x X),
hence a2b,X C A, then a2b,x, < A for each F. singleton x, € X
and suppose that a2 & (A:z X). Since A is a semi T-ABSO F.
subm., hence asb;x,, € A. So that agh; € (A:x X). Then (A:x X) is
semi T-ABSO F. ideal.

Recall that " A fuzzy module X of an R-module M is called a
multiplication fuzzy module if for each non-empty fuzzy
submodule A of X there exists a fuzzy ideal H of R such that
A=FIX,[6]".

The converse of Proposition (2.8) hold under the class of
multiplication F. M. as follows:

Proposition 2.9. Let A be a proper F. subm. of a multiplication F.
M. X of an R- M. M. If (4:z X) is a semi T-ABSO F. ideal, then A
is a semi T-ABSO F. subm.

Proof. Let a?x, € A for F.singletons a; of R and x,, < X.

Then a? < x, >C A. But < x, >= HX for some F. ideal H of R.
Since X is a multiplication F. M., then a2H € (4:x X). But
(A:g X) is a semi T-ABSO F. ideal, then either a,H S (4:3 X) or
a? € (A:x X) by Proposition (2.7). Then a,AX € A or a? ¢
(A:ig X). Thus a; < x, >S Aor a? € (A:x X). Then A is a semi T-
ABSO F. subm.

Recall that "A F. M. X of an R-M M is called a cyclic F. M. if
there exists x, S X such that y, € X written as y, =, x,, for
some F. singleton r;of R, where klv € L in this case, write
X=< x, > to denote the cyclic F. M. generated by x,, [6]".

Corollary 2.10. Let A be F. subm. of cyclic F. M. X of an R- M.
M. Then A is a semi T-ABSO F. subm. iff (4:z X) is a semi T-
ABSO ideal.

Proof. Since every cyclic F. M. is a multiplication F. M. by[6].

By Proposition (2.8) and Proposition (2.9), then the outcome is
obtained.

Recall that "If X is F. M. of an R-M.M, then X is called a
finitely generated F. M. if there exists x,, x5, x3, ... € X such that
x:{al(xl)vl + az(xz)vz +t an(xn)vn}v where a; €
R and a(x), = (ax),, VVEL. Where
@),o)={? YI=% g

0 0.w.
Recall that "If X is F. M. of an R-M. M, then X is said to be a

faithful F. M. if F-annX<0; where F-annX={x,: r;.x, = 0, V x,, S
X and ry is F. singleton of R,V v, k € L}, [15]".

Corollary 2.11. Let X be a faithful finitely generated multiplication
F. M. of an R- M. M and A is a proper subm. of X. Then the
following expressions are equivalent:

1- Alisasemi T-ABSO F. subm. of X;

2- (A:g X) isasemi T-ABSO F. ideal;

3- A=HX for some semi T-ABSO F. ideal H of R.

Proof. (1)=(2) By Proposition (2.8).

(2)=(3) By [6, Proposition (2.2.2)], we get the result.

(3)=(1) Let r?x, < A for F. singleton r,, of R and x, € X, then
r# < x, >CS A. Since X is a multiplication F. M., so that < x, >
= KX for some F. ideal K of R, then r?KX < fX. Since X is a
faithful finitely generated multiplication F. M., hence r?K < H.
But H is a semi T-ABSO F. ideal, so that either ,K € H or
r# € (A:x Az) by Proposition (2.7). Hence n,KX S AX = A or
7 € H=(AX;z X) = (Aig X). Thenmx, € A or 12 € (A X).

Proposition 2.12. Let A be a proper F. subm. of F. M. X of an R-

M. M. Then the following expressions are equivalent:

1- Aisasemi T-ABSO F. subm. of X;

2- (A:x A) is a semi T-ABSO F. subm. for each F. ideal  of R

such that AXZA;

3- (A:x < ag >) isasemi T-ABSO F. subm. for each F. singleton
as; of R, a,X € A.

Proof. (1)=(2) Since HXZA, hence (4:xA) # X . Let rx, C

(A:x H) for F. singletons r, of R, x, € X. Thus 7#Hx, S A. By
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Proposition (2.7), either 7Jx, €A or 12 € (A:zx X), hence
Xy © (Aix H) or 2 € ((Aix )i X).

(2)=(3) It is obvious.

(3)=(1) Since 1,X & A, hence (A:;x < 1, >) is a semi T-ABSO
F. subm., then A is a semi T-ABSO F. subm. since (A:;x < 1, >) =
A.

Proposition 2.13. Let A be a semi T-ABSO F. subm. of F. M. X
of an R- M. M. Then (4:; x,) is a semi T-ABSO F. ideal of R, for
each x, € X — A.

Proof. Let r?b, < (A:g x,,) for some F. singletons r;,b, of R .
Hence (rb,)x, S A, So that r?(b;x,) S A. Since A is a semi T-
ABSO F. subm.,, then either 7.bx, € A or r? € (A:z X), hence
either r b, x, S (A:g x,) Orr? € (A:g X). Thus

(A:g x;,) is asemi T-ABSO F. ideal of R.

The following proposition is a characterization of a semi T-
ABSO F. subm.
Proposition 2.14. Let A be F. subm. of F. M. X of an R- M. M.
Then A is a semi T-ABSO F. subm. of X iff (A:iz7x,) =
(A:g 1vx,) OF 12 € (A:g X) for each F. singletons r, of R and
x, € X, VkVveEL.
Proof. (=) Assume that > & (A:z X). To show that (A:z 2x,) =
(A:g 1exy).
It is observe that (A:z7ex,) S (A:x7#x,). Now, let a4 C
(A:g m¥x,), hence rZasx, S A. Since A is semi T-ABSO F. subm.
and r? ¢ (A:z X), hence r,asx, S A,
so that a; € (A:g 1Xy,). Then (A 12x,) = (Aig 1eXy).
(&) Let r?x, €A, hence (A:x7x,)=Agx where Az(y) =
{1 if yER

0 o.w.
But (A:g 12x,,) = (A:g kXy,) OF 12 € (A:g X) by hypothesis.
Thus (A:g 1ex,) = Az and then r,x,, € A. So that either r,x, € A
orr? € (A X).

Definition 2.15. Let f:M; — M, be a mapping and X, ,X, be F.
M. of an R- M. M, ,M, resp., then F. kernel of a mapping f
denoted by F-ker( f) is F. subm. of X; defined by:

F-ker( f)={x,: x, € X; such that f(x,) = 0,}, VvE L.

Proposition 2.16. Let X; ,X, be F. M. of an R- M. M, , M, resp.
Let f:M; — M, be an epimorphism and A is a semi T-ABSO F.
subm. of X, such that F- ker f € A. Then f(A) is semi T-ABSO
F. subm. of X,.

Proof. Let r?y, € f(A) for F. singletons 7, of Rand y, € X,.
Since f is onto, so y, = f(x,) for some F. singleton x,, € X,, then
r2f(x,) = f(a;) for F. singleton a; € A. Then rx, —ag C
F —ker f € A, thus r?x,, € A. But A is a semi T-ABSO F. subm.,
hence ryx, €A or 1?2 € (A:ix Xy). If 1ex, S A then 1 f(x,) S
f(ay), hence .y, € f(A). If 2 S (A:x X;), then 12X, C A,
hence 7¢f(X1) € f(A) , thus 17 € (f(A):x f(X1)). But f(Xy) =
X, since f is onto, hence 12 < (f(4A):r X2) .

Remark 2.17. The condition f is an epimorphism in above
proposition can't dropped, as can be proved by the following
example:

Let X,:Z—L such that X;(y)= {1 ifyez

0 0.w.
1 ifyeZz

Let X,:Z—L such that Xz(y):{o <

It is obvious that X, , X, are F. M. of Z- M. Z.
Let f:X, — X, be F. homomorphism if f:Z —Z with
f(n) = 9n be homomorphism but not epimorphism, v n € Z

Let A: Z—L such that A(y) :{g if y €4z VvEL

It is obvious that A is F. subm. of X;.

Now, A, =4Z, (X1)p =Z and (X;)p, =Z . A, =4Z isasemi T-
ABSO subm., but f(4Z) =36Z is not semi T-ABSO since
22.9€36Z ,but 2°¢36Z and 2. 9¢36Z. So that A isa semi T-ABSO
F. subm., but f(A) is not semi T-ABSO F. subm.

Proposition 2.18. Let X; ,X, be F. M. of an R- M. M, , M, resp.
Let f: M, — M, be an epimorphism, B is a semi T-ABSO F.
subm. of X, . Then f~1(B) isasemi T-ABSO F. subm. of X;.
Proof. Let r?x, € f~%(B) for F. singletons r, of Rand x, € X,
hence f(r#x,) € B so r?f(x,) S B. Since B is semi T-ABSO F.
subm., then either 7. f(x,) € B or 12 € (B:z X;), so that r.x,
f1(B) or 12 € (B:x X,).

If r?2 < (B:xX,), then 12X, € B, hence r?f(X;) € B. So that
12X, € f~Y(B). Then 1 € (f *(B):z X;). So that either r,x, C
fH(B) orrg < (fT1(B)ig X1

Recall that "A F. ideal K of aring R is called a principle F. ideal
if there exists x,, € K such that K = (x,). For each a, € K, there
exists F. singleton b, of R such that a, = b;x,, where v,s,l € L, that
is K = (x,) = {a; € K:a, = b;x,, for some F. singleton b, of R},
[10]".

Proposition 2.19. Let R be a principle F. ideal ring (P. F.1.R) and X
be F. M. ofan R- M. M. Let A be a proper F. subm. of X and H
be F. ideal of R . Then A is a semi T-ABSO F. subm. of X iff
A%x, € A impliesfix, € A or A2 € (A:z X) forany F.ideal H of
R and F.singleton x,, € X.

Proof. (=) Suppose that H be F. ideal of R and F. singleton
x, € X. Since R is P. F.LR , hence A =<1, > for some F.
singleton r, of R. If H?x, €A then <nr, >?x, € A, thus
r#x, S A, then either r,x, € A or 2 € (A:z X). Hence Hx, € A
orA? € (A:;z X)

(<) Itis obvious.

Recall that "Let A and B be two F. subms of F. M. X. If X=A+B
and ANB=0,, then X is called F. internal direct sum of A and B and
denoted by A@B. Define by:

(A®B)(a,b)=min{A(a), B(b) for all (a,b) € M;®M,}
Moreover, A and B are called direct summand of X, [6]".

Proposition 2.20. Let X = X,®X, be F. M. of an R- M. M =
M, @M, where X, , X, be F. M. of an R- M. M, , M, resp.. Let A,
B be proper F. subms of X; , X, resp., then

1- Ais semi T-ABSO F. subm. in X, iff A®X, is semi T-ABSO
F. subm.in X;®X, =X .

2- B is semi T-ABSO F. subm. in X, iff X;®B is semi T-ABSO
F. subm.in X,®X, =X .

Proof. (1) (=) Let r2(x,,vn) S ADX, for F. singletons 7, of R
and (x,,y,) € X. Hence r?x, €A and 72y, S X,. Since A is
semi T-ABSO F. subm. in X;, then either r,x, €A or 12 C
(A:xr Xy) . So that 13 (x,, y) € A®X, or 12 € (ADX,:z X, ®X,).
Then A®X, is semi T-ABSO F. subm. in X;®X, = X.

(&) Let réx, < A for F. singletonsr;, of R and x,, € X;, hence for
any F. singleton y, € X,, r.(x,, ¥n) S A®X,. Since ABX, is a
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semi T-ABSO F. subm.. in X, then either 7, (x,,y,) € A®X, or
12 C (A®X,:5 X,0X,) = (A:ig X;) . So that ,x, S A or r2c
(A:g X1). Then Aisa semi T-ABSO F. subm. in X;.

(2) The proof by the same method in (1).

Proposition 2.21. Let X; ,X, be F. M. ofan R M. M, , M, resp.
and X = X,®X, be F. M. of an R- M. M = M,;®M, such that
F — annX,;®F — annX, = Az where Az(y) = 1, Vy€ R. Let A be
a semi T-ABSO F. subm. of X, then either

1- A = A;®X, and A; isasemi T-ABSO F. subm. in X; or
2-A=X,®A,and A, isasemi T-ABSO F. subm. in X, or
3-A=A,0A, and A, isasemi T-ABSO F. subm. in X; and A4,
isasemi T-ABSO F. subm. in X,.

Proof. Since f — annX,®f — annX, = Az where Az(y) = 1, Vy€
R, then by [5], A = A;®A, for some F. subm. 4; of X; and A,
of X, . Then we have:

DA, <X, and 4, =X,.

(204, =X, and 4, < X,.

(A4, <X, and A, < X,.

Case(1) and case(2), we get A = A, ®X, or A =X,@PA,. Then A,
is semi T-ABSO F. subm. in X; or A, is semi T-ABSO F. subm.
in X, by Proposition (2.20).

Case(3): Suppose that r?x, € A for F. singletons 7, of R and
x, € X;. Hence r#(x,,0,) € A;®A, = A. But A be a semi T-
ABSO F. subm. of X, then either 7,(x,,0,) €A or r?cC
(A:r X) € (A;:x X;) implies that 7, x, € A; or 12 S (A:r Xp).
Then A, is asemi T-ABSO F. subm. in X;.

By the same method we get A, is a semi T-ABSO F. subm.. in X,

"Definition 2.22. A F. M. X ofan R- M. M is called aduo F. M.
if for each F. subm. A of X, Ais fully invariat, [5]".

Note:If X = X,@®X, be F. M.ofan R- M. M = M, ®M, is a duo
F. M. or a distributive F. M. see[9], we can have the same
inference of Proposition (2.21).

Proposition 2.23. Let X; ,X, be F. M. of an R- M. M, , M, resp.
and A;,A, are semi T-ABSO F. subms of X;, X, resp. such that
(A1:g X1) = (A3:r X5). Then A = A; @A, is a semi T-ABSO F.
subm. of X = X, ®X,.

Proof. Let 12(x,,y,) S A;®A,, so that r?x, € A, and 72y, S
A,. Since Ay, A, are semi T-ABSO F. subms, then r,x, € A, or
e € (ApgXy) and ny, S A, or 17 C (A Xp) = (Arir X1),
hence r,x, € A; and 71, y, € A, or ¥ € (Ay:g X1).

Then 7, (x,,y,) € A;@BA, or 1# S (A:x X). Thus A is a semi T-
ABSO F. subm. of X.

3. Semi T-ABSO F. M.

In this section we present the concept of semi T-ABSO F. M.
Some of properties and relationships with other classes of F. M.
are illustrated.

First, we give the following definition.
Definition 3.1. A F. M. X of an R- M. M is called T-ABSO F.
M. if the zero F. subm. (0,) is T-ABSO F.; that is if for each F.
singleton ag, b; of R and x,, € X, vs,l,v € L, such that a;b;x,, = 0,
implies a;x, = 0, or b;x, = 0; orash; € F —annX .

Now, we present the concept of a semi T-ABSO F. M. as
follows:

Definition 3.2. Let X be F. M. of an R- M. M, X is called a semi
T-ABSO F. M. if 0, isasemi T-ABSO F. subm. of X.

The proposition specificities a semi T-ABSO F. M. in terms of
its level M. is given:
Proposition 3.3. Let X be F. M. of an R- M. M. Then X is a semi
T-ABSO F. M. iff the level X,, isasemi T-ABSO M., V ve L.
Proof. (=) Let a®?x =0 for each a€ R, x € X,, , V VE L, then
(a*x), €0, €0, , hence a2x, €0, where v=min{s, k} and
(a?)s = a2. But 0, is a semi T-ABSO F. subm. by Definition (3.2),
then either asx, €0, or a? < (0;:3X)=F —annX, hence
(ax), €0, or (a*), SF —annX, implies ax=0 or a?€
annX,. Then (0) isasemi T-ABSO subm. of X,
(&) Let a?x, < 0, for F. singleton a; of R and x, € X, then
(a*x), € 0, where v=min{s, k}, hence 0;(a®)>v. If a0, then
0, (a’x)=0> v which is a contradiction. so that a’x=0 . But (0) is a
semi T-ABSO subm. of X,, then either ax = 0 or a? € annX,,
hence (ax), €0, or (a?), S F —annX , so that a;x, €0, or
a? € F —annX. Thus 0, is semi T-ABSO F. subm. of X.

Remarks and Examples 3.4.
(1) Every semiprime F. M. is a semi T-ABSO F. M., but the
converse incorrect, for example:

Let X:Z,o—L such that X(y):{lo if y € 5149

Itis obvious that X be F. M. of Z- M. Z,,.

X, =Z,9 as Z- M. is a semi T-ABSO M. since 72.1=0
implies 72 € (0:;Z,9) = 49Z , but X, is not semiprime M.
since 7. 1#0 . So that X is a semi T-ABSO F. M., but it is not
semiprime F. M. by [12].

(2) Every T-ABSO F. M.isasemi T-ABSO F. M.

(3) Every quasi-prime F. M. is a semi T-ABSO F. M. But the
converse incorrect see the example in part(1) where X, = Z,q
as Z- M. is semi T-ABSO M., but X,, is not quasi-prime M. since
7.7. 1=0 and 7. 1#0, So that X is semi T-ABSO F. M,,
but it is not quasi-prime F. M. by [6].

(4) Every F. subm. of a semi T-ABSO F. M. is a semi T-ABSO
F. M.

Proposition 3.5. Let X be F. M. of an R- M. M. If X is a semi T-
ABSO F. M., then F — anngX is semi T-ABSO F. ideal.

Proof. Since X is semi T-ABSO F. M., then 0, is semi T-ABSO
F. subm. By Proposition (2.8) when A=0,, we have (0,:3 X) =
F — anngX is a semi T-ABSO F. ideal.

Proposition 3.6. Let X be a multiplication F. M.of an R- M. M.
Then X is a semi T-ABSO F. M. iff F —anngX is a semi T-
ABSO F. ideal.

Proof. (=) By Proposition (3.5), we get the outcome.

(<)BY Proposition (2.9), we get the outcome.

Corollary 3.7. Let X be a faithful multiplication F. M. of an R- M.
M. Then the following expressitions are equivalent:

1- X isasemi T-ABSO F. M,;

2-Risasemi T-ABSO F. ring.

Proof. (1) Since X is a semi T-ABSO F. M., so that F — annzX is
semi T-ABSO F. ideal by Proposition (3.6). But F — anngX = 04,
hence 0, is semi T-ABSO F. ideal.

Then R is semi T-ABSO F. ring.
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(2) Since R is a semi T-ABSO F. ring, so that 0, is semi T-ABSO
F. ideal, but 0, = F — anngX since X is a faithful. Then X is semi
T-ABSO F. M. by Proposition (3.6).

Proposition 3.8. Let X be F. M. of an R- M. M such that F —
anngX is a semiprime F. ideal of R . Then X is semi T-ABSO F.
M. iff X is semiprime F. M.

Proof. (=) Let rx, < 0, for F. singletons r, of R and x, € X.
Since X is semi T-ABSO F. M., then ryx, €0, or 12 ¢c
(04: X) = F — anngX. Hence r;x,, € 0, or

1 © F —anngX since F — anngX is semiprime F. ideal of R.
Thus rx, € 0,,Vx, € X.Then 0, is semiprime F. subm.. So that
X is semiprime F. M. by [11].

() Itis obvious.

Proposition 3.9. Let X be F. M.ofan R- M. M. If X isasemi T-
ABSO F. M., then F — anngA is semi T-ABSO F. ideal for each
non-constant F. subm. A of X.

Proof. Let A be a non-empty F. subm. of Xand F — anngA # Ay
because if F —anngzA = Ay, then A = 0, which is a contradiction.
Now, suppose that r?a, S F — annzA for F. singletons 7 , as of
R. Hence r2a,A € 0,. Since X is semi T-ABSO F. M, then
either r,a,A €0, or 2 € (0,:x X) by Proposition (2.7). Hence
either rya; € F — anngA or r? € F — anngA since F — anngX C
F — anngzA by [6]. Thus F — anngA is semi T-ABSO F. ideal.

Recall that "A ring R is said to be an integral domain if R has
no zero-divisor F. singleton (i.e. if a, is F. singleton of R 3b; is F.
singleton of R such that a,b;, = 0, ,vv, | €L, implies a, = 0, or
b, = 0;), [16]".

Recall that " A F. subm A of F. M. Xis called a divisible F. if
for each F. singleton x,, € A there exists F. singleton y, < A and
for each re R, r£0, x, = ry, where (ry), =ry,, X is called a
divisible F. M. if Xis F. divisible subm. of itself, [14]".

Proposition 3.10. Let R is an integral domain and X is a non-empty
divisible F. M. of an R- M. M. Then X is semi T-ABSO F. M. iff
X is quasi-prime F. M

Proof. (=) Let rasx, < 0, for
x, € X.

If n.a, €0, then r, €0, or
asx, € 04.

If r.as €04, then 7, £ 0, or ag, € 0, since R is an integral
domain.

If r.x, € 04, then the proof is complete.

If rex, €0,, 1, € 0, and X is a divisible F. M., hence . X = X,
then x,, = r.y, for F.singleton y, € X, thus r,asx, = reasny, =
rfasy, € 0,. But 0, is semi T-ABSO F. subm., then either
1 asy, €0, of 12 CF—anngX. If 12 S F —anngX then
r2X € 04, but 7, € 0,hencer? € 0,. Then 12X = X € 0, this is a
contradiction. Thus 72 ¢ F — anngX, then r.a,y, < 0, so that
asx, € 0,. Thus 0, is quasi-prime F. subm.

(&) Itis obvious.

F. singletons r;, ,a, of R and

a; € 04, so that r.x, €0, or

Corollary 3.11. Let R be an integral domain and X is a non-empty
divisible F. M. of an R- M. M. Then the following expressions are
equivalent:

(1) X'isasemi T-ABSO F. M.

(2) X is a quasi-prime F. M.

(3) Xisaprime F. M.

Proof. (1)<(2) It follows by Proposition(3.10).
(2)=(3) It follows by [6].

(3)=(1) It follows by [11 , 6]and Proposition(3.10).

Proposition 3.12. A F. M. X of an R- M. M is a semi T-ABSO F.
M. iff either F — ann ryx, = F — ann r?x, for any F. singletons
r, of R and x,, € X such that r,x,, € 0, or r?X < 0.

Proof. (=) Leta, € F — ann r?x,, , 1#x, € 0;.

Then r#asx, € 0,. But X isasemi T-ABSO F. M.and r? ¢ F —
ann X, hence r.asx, € 0,, so that a, € F —annmn,x,. Then
F —annnx, = F — annréx, .

(&) Itis obvious.

Proposition 3.13. Let X = X,®X, be F. M. ofan R- M. M =
M, @®M,. If X is semi T-ABSO F. M., then X; and X, are semi T-
ABSO F. M.

Proof. By Remarks and Examples(3.4) part(4) the outcome hold.

Remark 3.14. The converse of Proposition(3.13) is not true always,

for example:
Let X:Z,@®Z,0—L such that X(x.y)= {10 if ("(;VM)/ € Z,0Z4s

Itis obvious that X be F. M. of Z- M. Z,®Z,s.

And X;:Z, — L such that X;(x) = {}) if ’;322

Itis obvious that X; be F. M. of Z- M. Z,.

X,:Z,0 — L such that X,(y) = {10 if yOEWZ49

Itis obvious that X, be F. M. of Z- M. Z,,.

Now, X, = Z,8Z,, as Z- M. where (X;), = Z, and (X,), = Z49
are semi T-ABSO M., but X, = Z,®Z,4 is not semi T-ABSO M.
since 7%2(0,1) = (0,0), but 7(0,1) = (0,7) # (0,0) and 72 ¢
annX, = annZ, N annZ,q = 2Z N 49Z = 98Z. So that X;

and X, are semi T-ABSO F. M. but X is not semi T-ABSO F.
M.

Theorem 3.15. Let X = X,®X, be F. M.ofan R- M. M =
M,;®M, where X, and X, be prime F. M. Then X = X,®X, is
semi T-ABSO F. M.

Proof. Let r¥(x,,y,) € (0,,0,) for F. singletons r, of R and
(xy,¥n) € X. Hence r?x, € 0, and 12y, S 0,, then 1, (rx,) S
0, and 7 (r,yn) S 0, . Since X; and X, be a prime F. M., then
either( ryx, €0, or rn, € F —annX;) and (ryy, € 0, or
1, © F — annX;)

Then there exist four case:

If rx, €0, and n,y, € 04, then 1, (x, , ) S 0;.

2) f n€F—annX, and ., € F —annX,, thenr, S F —
annX; NF —annX, = F —ann X, butr, S F —ann X implies
r? € F — annX.

3) If nx,<0, and r, € F—annX,, then rx, €0, and
neyn € 04, hence 1y (x,,y,) S 0;.

4) If , €F—annX, and ny, €0, then rx, €0, and
Te¥n € 0y, hence 7.(x, y,) € 0;. Then X is a semi T-ABSO F.
M.

Remarks 3.16.
(1) By an application of Theorem(3.15), each of the following F.
M. isasemi T-ABSO F. M.ofan R-M. Z.
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XZ,®zZ,—L , X Z,®Z,—L , X Z,0Z—L , XQ®Z—L ,
X:Z@Z—L and X:Q®Q—L where p, g are two prime numbers.
(2) The condition X; and X, be prime F. M. can't deleted from
Theorem (3.15), see Remarks (3.14) where X,, = Z,@Z,4 as Z- M.
, (X)) =ZyasZ- M. isaprime M. and (X,), = Z49 as Z- M. is
not prime M. also X, = Z,®Z,, is not semi T-ABSO M., then X;
is prime F. M., X, is not prime F. M. and X is not semi T-
ABSO F. M.

Proposition 3.17. Let X = X,®X, be F. M.ofan R-M. M =
M,®M, such that F — annX, = F — annX,. Then X is semi T-
ABSO F. M.iff X; and X, are semi T-ABSO F. M.

Proof. (<) Let 2(x,, y,) S (04,0,) for F. singletons 7, of R
and (x,,yn) € X.

Hence r#x, € 0, and r?y, € 0, . Since X; and X, be a semi T-
ABSO F. M., then either( ryx, € 0, or r? € F — annX;) and
(reyn, €0, or ¥ € F —annX, = F — annX,). Thus (r,x, € 0,
and 7.y, €0,) or 2 € F —annX;. Then 7.(x,,y,) S (04,0;)
orr? € F —annX; = F —annX, N F — annX, = F — annX.

So that X is semi T-ABSO F. M.

(&) Itis obvious.

Remarks 3.18. The condition F —annX; =F —annX, is
obligate for Proposition (3.17), so we can't dropped it, we see the
following example:

Let X:Zo®Q —L such that X(x.y)= {; if (;C'%) € 2,80

It is obvious that X be F. M. of Z- M. Z,®Q.

And X;:Z, — L such that X;(x) = {t if ’;i}z‘)
Itis clear that X; is F. M. of Z- M. Z,. o

X,:Q — L suchthat X,(y) = {é if z"iQ

It is obvious that X, be F. M. of Q asZ- M.

Now, X, = Zo®Q as Z- M. and (X;), = ZyasZ- M.,

(X3), = Q as Z- M., where X, = Zo®Q is not semi T-ABSO M.
since 32(1,0) = (0,0), but 3(1,0) # (0,0) and 32 ¢ annX, =
annzZy NannzQ =0, but each of (X;),=2Zy as Z- M. ,
(X3), = Q as Z- M. is a semi T-ABSO M. and ann;Z, = 9Z +#
annzQ = 0. So that X is not semi T-ABSO F. M., but X; and X,
are semi T-ABSO F. M. and F — annX; # F — annX,_

Proposition 3.19. The following expressions are equivalent for F.
M. X of an R- M. M

(1) Xisasemi T-ABSO F. M.

(2) F — annyH is a semi T-ABSO F. subm. for each F. ideal &
of Rwith H & F — annX.

(3) F —anny < ag > is a sem T-ABSO F. subm. for each F.
singleton a, of R with a; € F — annX, Vse L.

Proof. It follows by Proposition (2.12) with A=0,.

Now, we give the concept of a comultiplication F. M. as
follows:
Definition 3.20. A F. M. X of an R-M. M is called a
comultiplication F. M. if A=F — annyxF — anng A for each F. subm.
A of X
Proposition 3.21. If X is a semi T-ABSO comultiplication F. M.
of an R- M. M. Then every proper F. subm. of X is a semi T-
ABSO F. subm.

Proof. Let A be a proper F. subm. of X, hence A = F — annyF —
anngA. Put F —anngA=H, so that A=F —annyH. But
A & F— anngX since if A S F— anngX hence F — anngX =
F — anngzA and then A = X which is a contradication.

Then by Proposition (3.18), A = F — annyH is semi T-ABSO F.
subm. Hence every proper F.subm. A of X is semi T-ABSO F
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