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Abstract: In the following text for Alexandroff square A ,and unit 

square O  (also equal to ]1,0[]1,0[  ) equipped with 

lexicographic order topology if },{ OAX  for homeomorphism 

XXf :  we have },0{)(ent set f  moreover 

0)(ent set f  if and only if  
4f  is the identity map on X  

(where )(ent set f  denotes set-theoretical entropy of f ). 
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1. Introduction 

Several topologies have been introduced on unit square 

]1,0[]1,0[  , like induced Euclidean topology, lexicographic 

order topology, Alexandroff square, etc.. In this text we 

consider ]1,0[]1,0[: A  under topology generated by 

basis consisting of [3]: 

 

 }){\(}{ tUt   where ]1,0[t  and U  is an open subset 

of ]1,0[  (as a subset of real line R ), 

 UF )\]1,0([  where F  is a finite subset of ]1,0[  and 

U  is an open subset of ]1,0[  (as a subset of real line R ). 

  

On the other hand several entropies have been introduced, 

e.g., topological entropy, algebraic entropy, adjoint entropy, 

set-theoretical entropy, etc.. Here we deal with set-theoretical 

entropy which has been introduced for the first time in [1]. 

For arbitrary set D , self-map DD :  and finite subset 

B  of D  the limit 
n

BBB

n

n

Bh
|)()(| 1

lim:),(





 
 exists 

(where || K  denotes the cardinality of finite set K ). Define 

set-theoretical entropy of DD :  as FFh :),(sup{   

is a finite subset of }D  and denote it with )(ent set  .  

In this text we compute all possible set-theoretical entropies 

of homeomorphism on Alexandroff square A . 

 

Remark 1.1. For DD : , :sup({)(ent set n there 

exist Dxx n ,,1   such that 111 )}({,,)}({  kn
k

k
k xx    

are n  pairwise disjoint one-to-one sequences })0{}  [1]. 

Moreover for 1t  we have )(ent)(ent setset  tt  . 

 

Convention 1.2. Using the same notations as in [2], by 

 yx,  we mean ordered set }},{,{ yxx , and by ),( ba  

we mean open interval }:{ bzaz R , also in set 

]1,0[]1,0[  , let ]}1,0[:,{:  ttt  and: 

,0,1:P,1,1:P,1,0:P,0,0:P 4321   

},1{)1,0(:L),1,0(}0{:L 21   

}.0{)1,0(:L),1,0(}1{:L 43   

2. Set-theoretical entropy of homeomorphisms 

of A 

Lemma 2.1. For order preserving bijection ]1,0[]1,0[: f  

the following statements are equivalent: 

 0)(ent set f , 

 )(ent set f , 

 ]1,0[idf , 

i.e., },0{)(ent set f  and 0)(ent set f  if and only if 

]1,0[idf . 

Proof. Suppose ]1,0[idf , then there exists ]1,0[t  with 

ttf )( , without any loss of generality we may suppose 

)(tft   for 1n  choose )(21 tfxxxt n   , 

then   )()()( 2121 xfxftfxxxt n  

  )()()()( 2
2

2
1

2
nn xfxfxfxf  and the 

sequences 111 )}({,,)}({  kn
k

k
k xfxf   are pairwise 

disjoint and one-to-one, so by Remark 1.1 we have 

nf )(ent set . Hence )(ent set f . 

 

Remark 2.2. In Alexandroff square A , for homeomorphism 

AA:f  we have )(f  also for all ]1,0[t  there 

exists ]1,0[s  such that ]1,0[}{])1,0[}({  stf  in 

addition ]1,0[]1,0[: g  with  )(,, xgsxtf  is a 

homeomorphism. Moreover exactly one of the following 

conditions occurs [2]: 

 ,L)L(,L)L(),4,3,2,1(P)P( 3311  ffif ii  

 ,P)P( 31 f  ,P)P( 42 f  ,P)P( 13 f  ,P)P( 24 f  

.L)L(,L)L( 1331  ff  
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Theorem 2.3. In Alexandroff square A , for 

homeomorphism AA:f  the following statements are 

equivalent: 

 0)(ent set f , 

 )(ent set f , 

 Aid4 f , 

i.e., },0{)(ent set f  and 0)(ent set f  if and only if 

Aid4 f . 

Proof. Suppose 0)(ent set f . By Remark 1.1, we have 

0)(ent 2
set f . Moreover considering homeomorphism 

AA :2f  by Remark 2.2 we have iif P)P(2   

)4,3,2,1( i , also :|2f  is a homeomorphism. 

Note that   as a subspace of A  has the same topology as a 

subspace of plane 
2

R . Considering homeomorphism 

]1,0[:h  with ])1,0[(,)(  tttth , we have 

homeomorphism ]1,0[]1,0[:|21 
 hfh   with 

0)P()P)(|()0)(|( 1
1

1
2121  





 hfhhfh   and 

1)P()P)(|()1)(|( 3
1

3
2121  





 hfhhfh  ,  so 

]1,0[]1,0[:|21 
 hfh   is an order preserving 

homeomorphism. Hence },0{)|(ent 21
set 

 hfh  , 

by Lemma 2.1.  We have the following cases: 

 Case 1: 
 )|(ent 21

set hfh  . By [1] we have 

)(ent)|(ent)|(ent 2
set

2
set

21
set ffhfh  

  , so 

in this case )(ent 2
set f  which leads to 

)(ent set f  by Remark 1.1. 

 Case 2: 0)|(ent 21
set 

 hfh  . By Lemma 2.1, 

]1,0[
21 id| 

 hfh   thus   id|2f . For all 

]1,0[t , by  ttttf ,,2
 and Remark 2.2 

]1,0[]1,0[: tg  with  )(,,2 xgtxtf t  is a 

homeomorphism, hence ]1,0[]1,0[:2 tg  is an order 

preserving homeomorphism and },0{)(ent 2
set tg , 

using Lemma 2.1, we have the following sub-cases: 

o Sub-case 2-1: 0)(ent 2
set tg  for all ]1,0[t . By 

Lemma 2.1 for all ]1,0[t  in this sub-case we have 

]1,0[
2 idtg , thus for all ]1,0[x  we have 

 xtxgtxgtfxtf tt ,)(,)(,, 224
, so 

in this sub-case Aid4 f . 

o Sub-case 2-2: )(ent 2
set tg  for some ]1,0[t . 

By Remark 1.1 for all 1n  there exist ]1,0[,,1 nxx   

such that 1
2

11
2 )}({,,)}({  kn

k
tk

k
t xgxg   are n  

pairwise disjoint one-to-one sequences, however for all 

1k  and },,1{ ni   we have 

 )(,, 22
i

k
ti

k xgtxtf , thus  

1
2

11
2 },{,,},{   kn

k
k

k xtfxtf   

are n  pairwise disjoint one-to-one sequences, so 

nf )(ent 2
set  which leads to )(ent 2

set f  and 

)(ent set f  by Remark 1.1. 

Using the above cases (and sub-cases) the proof is 

completed. 

 

3. Set-theoretical entropy of homeomorphisms 

of lexicographic ordered unit square 

Consider lexicographic order   on ]1,0[]1,0[  , such that 

for ]1,0[]1,0[,,,  wzyx , let  wzyx ,,   

“ zx  ” or “ zx   and wy  ”. Suppose ]1,0[]1,0[: O  

equipped with lexicographic order topology. In this section 

we compute set-theoretical entropies of homeomorphisms on 

O . 

Remark 3.1. In homeomorphism OO:f  for all 

]1,0[t  there exists ]1,0[s  such that 

]1,0[}{])1,0[}({  stf  in addition ]1,0[]1,0[: g  

with  )(,, xgsxtf  is a homeomorphism. Moreover 

exactly one of the following conditions occurs [2]: 

 ),4,3,2,1(L)L(,P)P(  iff iiii and OO:f  is 

order-preserving, 

 ,P)P( 31 f  ,P)P( 42 f  ,P)P( 13 f  ,P)P( 24 f  

,L)L( 31 f ,L)L( 42 f  ,L)L( 13 f ,L)L( 24 f  

and OO:f  is anti-order-preserving. 

 

Theorem 3.2. For homeomorphism OO:f  the 

following statements are equivalent: 

 0)(ent set f , 

 )(ent set f , 

 Oid2 f , 

i.e., },0{)(ent set f  and 0)(ent set f  if and only if 

Oid2 f . 

Proof. Suppose 0)(ent set f . By Remark 1.1, we have 

0)(ent 2
set f . By Remark 3.1 for order-preserving 

homeomorphism OO:2f  we have ,P)P(2
iif   

).4,3,2,1(L)L(2  if ii  Using similar method described 

in the proof of Lemma 2.1 we have: },0{)(ent 2
set f  

and 0)(ent 2
set f  if and only if Oid2 f . Use  

Remark 1.1 to complete the proof. 

 

Example 3.3. Define ]1,0[]1,0[:,   with 

])1,0[(1:)(  ttt  and 
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










 ,]1,[

,],0[21
:)(

2
1

2
1

2
12

t

tt
t

t
  

also consider ]1,0[]1,0[]1,0[]1,0[:, gf  with 

 )(),(, tstsf  ,  )(),(, tstsg   (for 

]1,0[]1,0[,  ts ). Then: 

 AA:,gf  and OO:,gf  are homeomorphisms, 

 ]1,0[]1,0[
22 id  gf  thus 0)(ent)(ent setset  gf , 

 
32
31

4
32 )()( fg   and )(ent set fg   by Theorem 

3.2. 
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