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Abstract

In this paper, we get some interesting geometric
concepts of the class of multivalent functions involving
higher order derivatives defined on the open unite disk U.
We obtain some interesting properties, like , coefficient
inequalities, distortion and growth property , closure
property, radius of stalikness and radius of convexity and
hadamard product .
Keywords: Analytic
derivatives.
1.Introduction.

Let Sy(n) denoted the class of analytic functions:
f@=z+Y7,a,z2" (p,neN={1,23,..})..(1.1),
are p—valent in unitdisc U={{z:z e Cand |z| < 1}. Let
T,,(n) denoted the subclass of Sp(n) of the following
form:

Multivalent , higher order

[oe]

f@=2-
k=p+n
We note that T,,(1) = T,,.
Forall (z) € S,(n) , we have
fM(2) = 8p, m)zP ™ + Ty 8k, m)ayz* ™ (1.3)
Where

o, j) =

az® (ag =0)......(1.2)

1

o= . .
={l1(l—1)(l—2) ...... (i—-j+1 jq:t(()) ...... (1.4)
Aouf [1] introduced and studied the class

T, (4,1, a, B) consisting of functions f(z) € S, (n) which
satisfies:

| A{;,’,(_zi—p(p—l)} |

!
B{gp(_zi—p(p—l)}ﬂ(l—a)

Where 0<B<1,A=20,1>0,0<a<1,0<I<
B<1,p€eNandzeUl.

[13]

Let S, (»,q;,A,B,A,a,l, Bbe the subclass of S,(n)
consisting of functions f(z) of the form (1.1), and
satisfying the analytic criterion:

| {&%—p(p—ﬂ} |<(z-3) ......... (1.6)

(q+2)
|B{75(pfz q)zp(fz]_z—p(p—l)}+/1(1—a)

Where 0<B<1,A20,1>0,0<5a<1,0<I<
B<1l,peN,=Nu{0}andp > q

Further, let

Ty b¢AB, A, a,Lp)=S8 (p,q;A,B, A, a,LpN
T,(n) ... (L.7)

For suitable choicesof n,p,q,A,B, A l,a and § we
obtain the following subclasses:
M T (p,0;,A,B ,A,o,l,B) =
Py(A,B,\,a,lLB) (Aouf[1]);

(i)  T7(1,0;4,B,A,0,lp) =
P*(A,B,\,a,l,B) (Gupta and Jain[2])
(iii) T (p,0;,A,B,\,a,l,1) =

E,(A,B,L,1,1,0) (Lee et al[3])

Also , we note that :

T, p,¢;A,B, A, a,1,1)=T,(p,q;A,B, 1, a,l) =
Fla+2)(z)

{f € Tp(n):Re (W) >a,0<a< p}
2.Coefficient inequalities
We assume throughout this paper that 0 < B < 1,4 =
0,1>0,0sa<1,0<I<B<1,peN,=NuU{0}
and p > q and §(i, j) (i > j) is defined by (1.4).
theorem 1. A function f(z) of the form (1.2) is in the
class T, (p,q,A,B,4,a,l, B)ifand only if
Yi=pnld + B = P)k(k — D6k — 2,q)ay, <
A=A —-a)é(p—2,q9).....(2.1)
Proof. Assume that the inequality (2.1) holds true , then
|A{f @2 (2) —p(p - Dp —2,q) 2P7972}| -
(=B |B{f42(2) —plp—1) &(p—2,q)zP 972} +
A1 = a)s(p —2,q) P77
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=|a{6(p,q +2) 27712 + ¥, 1n 6 (kg +

a, 2" — p(p — 1) 8(p — 2,q) 2P Y| —
(U-PR|B{s.a+ 2zP~ 2+ ¥ ,1n0(k,q +
2) 4, 2172 —p(p — D6 — 2,q)zP~72} + (1 -
a)8(p —2,q) zP~172|

We have 6(p,q +2) = p(p —1)6(p — 2,q) then
:|A{p(p - 1)5(19 - 2: q)Zp—q—Z + Zlc:to:p+nk(k -
L8 - 2,q)az* 972 —p(p — D6 —
Z,q)z”‘q_z}| _

(I-B|Blp(o — D@ — 2,¢)2P "2 + X7y k(k —
DSk = 2,q)aez"" 72 —p(p — DS(p —

2, q)zp‘q‘z} +A1-—a)6(p—-2,9) Z”‘q‘2|

then

=JA ST pan (k= D8k — 2, q)a,z*972| —

(1= BB Eiepink(k — 18k — 2,q)a,z*"972 +
A1 — a)8(p —2,q) zP777?|

< DA+ BU-RIGKk — DSk - 2,)agl]*072
k=p+n

i — 1= U= BS(p — 2,z

Yi=p+nld + B = B)](k(k — 1)6(k — 2, @)a, <A1 —

(=B —2,q9)

Conversely , assume that f(z) € T,

(»,q,A,B,A,a,l,p)thus

A[r D (@-pm-1)sp-2.9)7P~172
B{f(4+2) (2)-p(p-1)dp-2,0)zP~ 92 }+ A(1-) 8(p-2.q) ZP~1~2

| A[S(p,q+2)zp_q‘2+22°=p+n 8k q+2)azk~1-2-p(p-1)8(p-2,0)zP~972]

(8(p,m) —8(p +

\ M1-B)(1-x)8(p-2,9) my..p—m
N, M) BT -z’ )T
< |[f™(z)| <
{8(p,m) +8(p +
A(1=B)(1-)8(p-2.0) “m) p-m
n, m)[A+B(l—B)](p+n)(p+n—1)6(p+n—2,q)‘m} r (31

The result is sharp for the function f(z) given by

f(z) =2P — 11-B)1-w)8(p=2,0)
[A+B(-B)I(p+n)(p+n-1)5(p+n-20)

Proof .By theorem 1, we have
[A+BU-RIE+n)@+n-1s@ +n

—2,9) Z Ay

k=p+n

i SAU=-pA-a)élp -2,9)

< z [4+ B( - B)lk(k — D&k — 2, @)y
k=p+n
<=1 =)@ =2,q) . (3.3)
That is

3 o

k=p+n

A=A - 5 2,0)

1A+ BU-Plkk — Dotk —2,9) "
From (1.3) and (3.4)

™ ()] = {5(1% m)rPTm — P (p

2P . (3.2)

e (3.4)

+n,m) i ak}

k=p+n

<
|B[6(p,q+2)zp_q_2+2‘,;°=p+n 8(k,q+2)ajzk—a-2 —p(p—l)&(p—z,q)zp_q_z]+ﬁ(1—u)6(p—2,q22{6‘(‘ﬁ, m)rp_m — pptn-mg (p

I-p.
We have §(p,q+2) =p(p —1)6(p — 2,q) then
AR pan k(k—1)8(k-2,q)ajzk~972
B Z:’:pﬂl k(k—1)8(k—2,q)az""9-2+ (1~ a)8(p—2,q) zP~9~2
<l-p
Since Re(z) < |z| for all z, we get

k—q—
Re |— A2§°=p+nk(k—1)i£k—_z,q)akz q-2 <
BYRL pink(k-1)8(k-2.q)ayz~1 2+i(1-a)8(p-2,9) zP~4~2
I=p ......... 2.2)
. . f(q+2)(z) .
Taking values of z on the real axis then ST 1S

real then , upon cleaning the denominator in (2.2) and

putting z - —1, we get the desired result .

Corollary 1. Let the function f(z)defined by (1.1) be in

theclass T,y (p,q,A,B,A,a,l, ) then
A-P)(A-a)s(p-2,9)

Yrtp+nlA+B(-B)k(k-1)8(k~2,9)

Sharpness is hold for

— P _ 2A=p)(1-)5(p=2,q) k
f@) =z S p+nlA+BU-Blk(k-1)8(k-2,)"

(kzn+p,neN)

3.Distortion property

theorem 2. Assume function f(z) is defined by (1.2) be
in the class T,y (p,q;A,B,A,a,,B) then |z| =r <1
we have

akS

[14]

tnm) [M(1-23’]?51(3>251‘f55’5§?2+n-z,q>}
>
{s(0.m) -8+
n m)[A+B(l—;}()llzfi(r:)_(gﬁl(fl_)%?r)ﬂn—z,q)’ n} rPTm L (3-5)

and

|f(m)(z)| < {S(p,m)r”'m + rP*TMmE(p

+n,m) i ak}

k=p+n
< {S(p, m)rP™™ + rPTME(p
A(-B)(1-a)5(p—2,9) }
Alp+n)(p+n-1)8(p+n—2,9))
< {S(p,m) +45(p

\ AU-p)(1-a)8(p-2,9)
tnm) [A+B(-B)](p+n)(p+n—-1)8(p+n-2,9)

The proof of theorem 2 is done.

Putting m=0 in previous theorem 2 , we get the following
corollary

Corollary 2. Assume function f(z) is defined by (1.2)
be inthe class T; (p,q;A,B, 4, a,l,B) then

)
+nm) [A+B(l-

n} rp_m
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Izl =r<1

_ A=pa-8p-20) ) p
f@)] = {1 - LRl (3.7)

and

AA-P)A-a)6(-2,9) _n) . p
f@)I < {1+ R0 0E2D e (3.8)

The result is sharp.

Putting m = 1 in previous Theorem 2, we get

Corollary 3. Assume function f(z) is defined by (1.2)
be inthe class T,y (p,q,A,B,4,a,l,B) then |z]| =r <
1 we have

If @ = {p-
and

If'@)] < {p + [eBl-002) nhyp-t | (3.10)
The result is sharp
Remark : Taking g = 0 and n = 1 in Corollaries 2 and
3 we obtain the result obtained

by Aouf [3, theorem 2]
4.Radius of Starlikeness and Radius of convexity
Theorem 3. Assume function f(z) is defined by (1.2) be
inthe class T,; (p,q,A,B,A,a,l,B)then f(z) is p—
valent close to convexity of order n (0 <n<p) in
A=A -a)b(p—2,9)

|z] < r; where
= ”‘f{[A +BU—-B)6( +nq+ z)} (k

>n+ppn€N).... “4.1)
The result is sharp , the extremal function given by (2.4).
Proof : we must show that

L@ —p| <p—n forlz|<n ....(42)

A-p)(1-a)8(p-2.9) p-1
G L (3.9)

zpb-1

where ry is given by (4.1). Indeed we find from (1.2) that

[oe]

f'(2) _
o1 P S z kay|z|*7P
k=p+n
Thus
f'(2)
-1 pl=p—n
If
Yiepin (o) alzl* P <1 (4.3)
k=p+n \p— k b T &

By theorem 1, (4.3) will be hold if
(L) Izlk_p < ([A+B(l—/3)]k(k—1)8(k—2,q2)

p-1 A1-B)(1-a)8(p-2,q9)
Then
1
[A+B(-B)I(k-1)8(k-2,g)(p-1) k=P
2] < (AL oD 20E )P (4.4)

The result is follow from (4.4)

Theorem 4. Assume function f(z) is defined by (1.2) be
in the class T, (p,q,A,B,4,a,l,B)then f(z) is
p — valent starlikeness of order n (0<n <p)in|z| <
r,where

1

[A+B(-B)I(k=1)8(k=2,g)(p-1) kP
T ) (4.5)

= lnfk2n+p (

[15]

The result is sharp the extremal function given by (2.4)
Proof. We must show that

Z}f(S) —p|<p-n for |zI<r....... (4.6)
where 1, given by (4.5). From definition ( 1.2) that
2f(2) | _ EneptkplarlzF P
f(2 T 1Yl papaklzl*P
Thus
2f(2)
1 _P[SP—T1
If
N nep (’;_g) alzl* P < 1. (4.7)

By using theorem 1, (4.7) will be true if
kY | k-p < (IA+BA=B)Ik(k-D5(k-24
(p—n) 2] - ( l(l—ﬁ)(l—a)ti(p—lq) )
|z| < ([A+B(l_—B)]k_(k—l)S_(k—Z.q)_(p—n)
A1-B)(1-a)5(p-2,q)(k—m)
EN.... (4.8)
Corollary 4. Let the function f(z) defined by (1.2) be in
the class T, (p,q,A,B,A,a,l,B)Then f(z) is in p-
valent convex of order n (0 < <p) in |z| <r3, where
T3

)ﬁ k=n+pn

1
— inf {[A + B —P)lplp — D6k —2,9)(p — n)}k-v
Pl A=A - a8 -2,9)(k—n)
Sharpness is hold, with the extremal given by (2.4).
5.Closure theorems
Theorem 5.Let u; > 0 forj=12,...,mand XL iu; <1,
if function Body Math f;(z) defined by
f}(Z) =zP — Z?=p+n ak’jzk (ak’j = 0,] = 1,2, ,m)
...(5.1)
are in the class T, (p,q;A,B,4,a,,B) for j=
1,2, ..., m then the function f(z) defined by

f@=2- > | ) et
k=p+n \ j=1
Isalsointheclass T, (p,q;A,B, 4, a,l,B)
Proof :
Since f;(z) isinthe class T,; (p,q,A,B,4,a,l,B) then
by theorem 1 that
YipnlA + BU—Plk(k — D6k — 2, q)ay,; <A1 —

BA—a)s(p—2,q)....... (5.3)
For every j=1,2,... m Hence

Ykep+nlA +B(U—P)]k(k — 1)6(k —

2, ) (X2 1jax;)

= Y52 M (ZiopsnlA + BU — Pk(k — 1)k —
Z'Q)ago.j)

< )[4+ BA- Bkt~ DSk — 2,0y Y 1y

j=1
=AM -pA-a)é(—-2,9)
From theorem 1, it follows that
f(2eT, (p,¢;A,B,A,,,B) and so this completes
the proof of theorem 5.

k=p+n
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Corollary 5.  The class T, (p,q,A,B,A,«a,l,B) is
closed under convq linear combination
Proof :

Let the function f;(2)(j = 1,2) be given by (5.1) be in
the class T, (p,q,A,B,A,«a,l,B) . It is sufficient to
show that the function f(z) defined by

f@) =ufi(2)+ 1A -wf(2)
isintheclass T; (n,q,A,B, A, «,l,B) .But, taking m=2
, ¢ =M, c;=1—pu in theorem 5 , We have the
corollary
Theorem 6. Let f,.,_4(z) = zP
and

— D _ AA-B)(1-a)8(p—-2,9)
fi(@2) =z S el At B Bk(k—1)5—2.0)

kk=p+n

Then f(z) isintheclass T, (p,q;A,B, 4, «,l,B) if and
only if it can be expressed in the form

fl2) = Z Myfo(2) o (6:2)

k=p+n-1
Where p = 0 and X5, nq ik = 1
Proof:
Assume that

f(2) = Xk—pn-1bufi(2)

AA-P)A-a)5(p—-2,9)
Trep+nlA+BU-Plk(k-1)8(k-2,q)

Then it follows that
Z (E;?=p+n[A+B(t—ﬁ)]k(k—1)6(k—2.q)) .

=zP — [,Lka ...... (6.3)

AU=-B)(1-a)5(p-2,9)
k=p+n

( AA-p)(1-a)8(p-2.9)
e p+nlA+BU-B)Ik(k-1)5(k-2,q

)“kzk>

= Z He = (1 _.up+n—1) =1

k=p+n
Hence by theorem 1, we have
f@) €T, (p.¢;A,B, 2, a,Lp).
Conversely , assume that the function f(z)defined by
(1.2) belongs to the class
T, (p,q,A,B,A,a,l,B), then
A=) (1-a)6(p-2,9) K

U = S B kD520
Setting
_ SkepsnlA+BU-Plk(k-1)6(k~2,q)
k= P a-asp-—2q K
Where
Upin-1 = 1- Zl?:p+n Hi

We can see that f(z) can be expressed in the form (5.5)
,this completes the proof of theorem 6
Corollary 6.The extreme point of the class T,
(»,q,A,B,A,a,l,p) are the function f,,(z) = zP and
— A1-p)(1-a)8(p-2,q)

fe@) = 20 = S Pkt D8 Gz

=Zp+n
6.Modified Hadamard products

[16]

Assume function f;(z)(j = 1,2) defined by (5.1) the
Hadamard product of f; (z) and f,(z) is defined by

(fi*f2)(2) = 2P — Zl?:pm ak,1ak,22k:

(f1 * f2)(@) ... (6.1)

Theorem 7.Let the function f;(z)(j = 1,2) defined by
(5.1) beintheclass T} (p,q,A,B, A, a,L,B),then (f; *

f2)(2) beintheclass T,y (p,q,A,B, 4, a,l, ) where
A1-B)(1-a)8(p-2,q9)
YrtpnlA+BU-A]+ D) (p+n-1)6(p+n-2,9)

The result is sharp for the function f;(2)(j = 1, 2) defined

by

() — D A=p)A-a)6(p=-2,q)
[ @) = 2P A e PG D n-13 Gz
Proof : Depending the technique used earlier by Schild
and Silverman [7], we must to show the largest ¢ such
that

[ee]

2,

k=p+n
We have fj(z2) €T, (. q.A,B,A,a,L,B)(=12)
then

o=1- (nEN) ....(6.2)

ZP*9(6.3)

[A+B(I-P)Ik(k-1))8(k—1,9)
A-P(1-a)8(p-2,9)

102 < 1.....(64)

[A+B(1-PB)]k(k—-1)6(k—2,q)
A(1-B)(1-a)5(p-2,9)

Qgq <1 ... (6.5)

k=p+n
and
[A+B(1-P)]k(k-1)6(k-2,q) <
Z - (-a)8 -2 g, <1.....(6.6)
k=p+n

By using Cauchy Scharz inequality , we have

[A+B(1-B)]k(k-1)8(k-2,q)
2A1-B)(1-a)s(p-2,9) Y, Ay 10k,2 <1..... (67)

k=p+n
It is sufficient to show that

1
1
1-o Ak,10k,2 5(1_,1)\/ Af,10k,2

o (68)
or

Ve 1r 2 =
o (69

Hence in night of the inequality (6.9), it is sufficient to
prove that

AU-B)(1-a)5(p—2,9) (1-0)
A B BT —D5 0z = (=0 kzp+n)........ (6.10)

From (6.10) we have
A1=B)8(p—2,q)(1-a)?

c<1- BT Dotz (6.11)
In the next , we defined the function R(k)by
_ _ —m)2
ROk =1- A-pop-z)i-a) (6.12)

A+B(-B)]k(k-1)8(k—2,9)
We note that R(k) is an in creasing function of k

(k= p +n), therefore , we caclud that
c<R(p+n)=
_ _ —m)2
_ 20-B)8(p-2,9)(1-a) .(613)

[A+B(-B)l(p+n)(p+n-1)8(p+n-2,q) "
The proof is completes
Putting B = 1 in Theorem 7, we obtain the following
corollary.
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Corollary 7. Let the functions f;(z) (j = 1,2)defined by
(1.2) be inthe class T; (p,q;A,B,A,a,l) Then where
y=1

The result is sharp.

Corollary 8. For f;(z)and f,(z) as in Theorem 7 , the

function

h(z) =z — Yy, Jax 1, z¥
belongs to the class T, (p,q;A,B, A, a,l).
This result follows from the Cauchy-Schwarz inequality
(6.7). It is sharp for the same functions as in Theorem 7.
Theorem 8. Let the functions f;(z) (j = 1,2) defined by
(5.1) be in the classT, (p,q;A,B, A, «,l). Then the
function

h(z) = z° = X3 pin /(azkylazkyz) z* (6.14)
belongsto the class T, (p,q;A,B,A,¢,1,B8), where

The result is sharp for the functions f;(2)(j = 1,2)
defined by (6.3)

Proof. By virtue of Theorem 1, we obtain
A-pU-as@-2a) 1%

Zk=P+" [A+B(-B)]k(k-1)8(k-2,q) k1 S
o M(-BA-a)8p-2.9) 5 12
Lic=p+n [A+BU-)Ik(—D5(k-2,0) © k'l] <1...(616)
and
Foo A-pa-asp-20) 1% > _
k=p+n | [4+B-B)k(k-1)5(k—2,q) k2 =
o A-PA-0)8P-20) > ]2
Zic=pn [[A+B(l—ﬁ)]k(k—na(k—z,q) kz| =1...(617)

It follows from (6.16) and (6.17) that

o 1] A-pa-as@-20) 1*( 2 2
Ziczpin 2 [[A+B(l—ﬁ)]k(k—l)é(k—z,q)] (a%e10%e2) <

1Therefore, we need to find the largest { such that

A1=-B)8(p-2,9)(1-0)
[A+B(I-B)]k(k-1)6(k—2,q9) —
1[ AL=B)8(p—2,9)(1-a)

2 L[A+B(1-B)]k(k-1)6(k-2,q)
that is, that

e (619)

A1-B)8(p-2,9)(1-a)?
2[A+B(I-B)k(k-1)6(k-2,9) "

(=>1-
since

. (6.20)

and Theorem 8 follows at once.

[17]

M= —-2,9)1 —a)’
2[A+ B - Blk(k — 16k — 2,q)
is an increasing function of k(k = p + n), we readily
have

{=>D(p+n)

=1

D(k)=1-

B AL=B)(p—2,9)(1 — a)*
2[A+BU-Plp+n)p+n—-1)6(p+n—2,q)

. (6.22)
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