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Abstract  

In this paper, we get some interesting geometric 

concepts of the class of multivalent functions involving 

higher order derivatives defined on the open unite disk U. 

We obtain some interesting properties,  like , coefficient 

inequalities, distortion and growth property , closure 

property, radius of stalikness and radius of convexity and 

hadamard product .  
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1.Introduction.  

   Let Sp(n) denoted the class of analytic functions: 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧𝑛 (𝑝, 𝑛 ∈ N = {1, 2, 3, . . . }) … (1.1)∞
𝑛=2 , 

are p−valent in unit disc U = { {z : z ∈ ℂ and |z| < 1}. Let 

𝑇𝑝(𝑛) denoted the subclass of Sp(n) of the following 

form: 

𝑓(𝑧) = 𝑧𝑝 − ∑ 𝑎𝑘𝑧𝑘    (𝑎𝑘 ≥ 0) … … . (1.2)

∞

𝑘=𝑝+𝑛

 

We note that 𝑇𝑝(1) = 𝑇𝑝. 

For all (𝑧) ∈ 𝑆𝑝(𝑛) , we have 

𝑓(𝑚)(𝑧) = (𝑝, 𝑚)𝑧𝑝−𝑚 + ∑ 𝛿(𝑘, 𝑚)𝑎𝑘𝑧𝑘−𝑚∞
𝑘=𝑝+𝑛  (1.3) 

Where  

(𝑖, 𝑗) =
𝑖!

(𝑖 − 𝑗)!

= {
𝑖(𝑖 − 1)(𝑖 − 2) … … (𝑖 − 𝑗 + 1)             𝑗 ≠ 0
1                                                                    𝑗 = 0

… … (1.4) 

Aouf [1] introduced and studied the class 

𝑇𝑝
∗(, 𝑙, 𝛼, 𝛽) consisting of functions 𝑓(𝑧) ∈ 𝑆𝑝(𝑛)  which 

satisfies: 

                                                        

|
𝐴{

𝑓′(𝑧)

𝑧𝑝−1−𝑝(𝑝−1)}

𝐵{
𝑓′(𝑧)

𝑧𝑝−1−𝑝(𝑝−1)}+(1−)

|<(𝑙−𝛽)………(1.5) 

 

Where    0 < 𝐵 ≤ 1 , 𝐴 ≥ 0 ,  > 0 , 0 ≤ 𝛼 < 1 , 0 < 𝑙 <
𝐵 < 1 , 𝑝 ∈ 𝑁 𝑎𝑛𝑑 𝑧 ∈ 𝑈. 

Let 𝑆𝑛 (𝑝 , 𝑞; , 𝐴 , 𝐵 ,  , , 𝑙, )be the subclass of 𝑆𝑝(𝑛)  

consisting of functions 𝑓(𝑧) of the form (1.1), and 

satisfying the analytic criterion: 

                                                     

||
𝐴{

𝑓(𝑞+2)(𝑧)

(𝑝−2,𝑞)𝑧𝑝−𝑞−2−𝑝(𝑝−1)}

𝐵{
𝑓(𝑞+2)(𝑧)

(𝑝−2,𝑞)𝑧𝑝−𝑞−2−𝑝(𝑝−1)}+(1−)

||<(𝑙−𝛽) ………(1.6) 

Where    0 < 𝐵 ≤ 1 , 𝐴 ≥ 0 ,  > 0 , 0 ≤ 𝛼 < 1 , 0 < 𝑙 <
𝐵 < 1, 𝑝 ∈ 𝑁0 = 𝑁 ∪ {0} and 𝑝 > 𝑞 

Further, let  

𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, ) = 𝑆∗ (𝑝 , 𝑞;  𝐴 , 𝐵 ,  , , 𝑙, ) ∩

𝑇𝑝(𝑛) …. (1.7) 

For suitable choices of 𝑛 , 𝑝 , 𝑞 , 𝐴 , 𝐵 , , 𝑙 , 𝛼 𝑎𝑛𝑑 𝛽 we 

obtain the following subclasses: 

(i) 𝑇1
∗(𝑝, 0; , 𝐴 , 𝐵 ,  , , 𝑙, ) =

𝑃𝑝
∗(𝐴 , 𝐵 ,  , , 𝑙, ) (𝐴𝑜𝑢𝑓[1]); 

(ii) 𝑇1
∗(1, 0; 𝐴 , 𝐵 ,  , , 𝑙, ) =

𝑃∗(𝐴 , 𝐵 ,  , , 𝑙, ) (𝐺𝑢𝑝𝑡𝑎 𝑎𝑛𝑑 𝐽𝑎𝑖𝑛[2]) 

(iii) 𝑇1
∗(𝑝, 0; , 𝐴 , 𝐵 ,  , , 𝑙, 1) =

𝐹𝑝(𝐴 , 𝐵 ,  ,1 , 𝑙,) (𝐿𝑒𝑒 𝑒𝑡 𝑎𝑙[3]) 

Also , we note that : 

𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 1) =  𝑇𝑛

∗(𝑝, 𝑞; 𝐴 , 𝐵,  , , 𝑙) =

{𝑓 ∈ 𝑇𝑝(𝑛): 𝑅𝑒 (
𝑓(𝑞+2)(𝑧)

(𝑝−2,𝑞)𝑧𝑝−𝑞−2) > 𝛼, 0 ≤ 𝛼 < 𝑝} 

2.Coefficient inequalities  

 We assume throughout this paper that  0 < 𝐵 ≤ 1 , 𝐴 ≥
0 ,  > 0 , 0 ≤ 𝛼 < 1 , 0 < 𝑙 < 𝐵 < 1, 𝑝 ∈ 𝑁0 = 𝑁 ∪ {0} 

and 𝑝 > 𝑞 and 𝛿(𝑖, 𝑗)(𝑖 > 𝑗) is defined by (1.4). 

theorem 1. A function 𝑓(𝑧) of the form (1.2) is in the 

class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) if and only if  

∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘 ≤∞
𝑘=𝑝+𝑛

(𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞)…..(2.1) 

Proof. Assume that the inequality (2.1) holds true , then  

|𝐴 {𝑓(𝑞+2)(𝑧) − 𝑝(𝑝 − 1)(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2}| −

(𝑙 − 𝛽) |𝐵 {𝑓(𝑞+2)(𝑧) − 𝑝(𝑝 − 1) ( 𝑝 − 2, 𝑞)𝑧𝑝−𝑞−2} +

(1 − 𝛼)𝛿(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2|  
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=|𝐴{𝛿(𝑝, 𝑞 + 2) 𝑧𝑝−𝑞−2 + ∑ 𝛿(𝑘, 𝑞 +∞
𝑘=𝑝+𝑛

2)𝑎𝑘  𝑧𝑘−𝑞−2 −  𝑝(𝑝 − 1) 𝛿(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2}| −

(𝑙 − 𝛽)|𝐵 {𝛿(𝑝, 𝑞 +   2)𝑧𝑝−𝑞−2 + ∑ 𝛿(𝑘, 𝑞 +∞
𝑘=𝑝+𝑛

2) 𝑎𝑘  𝑧𝑘−𝑞−2 − 𝑝(𝑝 − 1)𝛿(𝑝 − 2, 𝑞)𝑧𝑝−𝑞−2} + (1 −

𝛼)𝛿(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2| 

We have  𝛿(𝑝, 𝑞 + 2) = 𝑝(𝑝 − 1)𝛿(𝑝 − 2, 𝑞) then  

=|𝐴{𝑝(𝑝 − 1)𝛿(𝑝 − 2, 𝑞)𝑧𝑝−𝑞−2 + ∑ 𝑘(𝑘 −∞
𝑘=𝑝+𝑛

1, 𝑞)𝛿(𝑝 − 2, 𝑞)𝑎𝑘𝑧𝑘−𝑞−2 − 𝑝(𝑝 − 1)𝛿(𝑝 −

2, 𝑞)𝑧𝑝−𝑞−2}| −

(𝑙 − 𝛽)|𝐵{𝑝(𝑝 − 1)𝛿(𝑝 − 2, 𝑞)𝑧𝑝−𝑞−2 + ∑ 𝑘(𝑘 −∞
𝑘=𝑝+𝑛

1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘𝑧𝑘−𝑞−2 − 𝑝(𝑝 − 1)𝛿(𝑝 −

2, 𝑞)𝑧𝑝−𝑞−2} + (1 − )𝛿(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2| 
then 

=|𝐴 ∑ 𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞
𝑘=𝑝+𝑛 | −

(𝑙 − 𝛽)|𝐵 ∑ 𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞
𝑘=𝑝+𝑛 +

(1 − )𝛿(𝑝 − 2, 𝑞) 𝑧𝑝−𝑞−2| 

≤ ∑ [𝐴 + 𝐵(𝑙 − 𝛽)](𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘|𝑧|𝑘−𝑞−2

∞

𝑘=𝑝+𝑛

− (1 − )(𝑙 − 𝛽)𝛿(𝑝 − 2, 𝑞)|𝑧|𝑘−𝑞−2 
= 

∑ [𝐴 + 𝐵(𝑙 − 𝛽)](𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘 ≤∞
𝑘=𝑝+𝑛 (1 −

)(𝑙 − 𝛽)𝛿(𝑝 − 2, 𝑞) 

Conversely , assume that 𝑓(𝑧) ∈ 𝑇𝑛
∗ 

(𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) thus  

                    

|
𝐴[𝑓(𝑞+2)(𝑧)−𝑝(𝑝−1)(𝑝−2,𝑞)𝑧𝑝−𝑞−2]

𝐵{𝑓(𝑞+2)(𝑧)−𝑝(𝑝−1)(𝑝−2,𝑞)𝑧𝑝−𝑞−2}+(1−)𝛿(𝑝−2,𝑞) 𝑧𝑝−𝑞−2
| 

             =

|
𝐴[𝛿(𝑝,𝑞+2)𝑧𝑝−𝑞−2+∑ 𝛿(𝑘,𝑞+2)𝑎𝑘𝑧𝑘−𝑞−2−𝑝(𝑝−1)𝛿(𝑝−2,𝑞)𝑧𝑝−𝑞−2∞

𝑘=𝑝+𝑛 ]

𝐵[𝛿(𝑝,𝑞+2)𝑧𝑝−𝑞−2+∑ 𝛿(𝑘,𝑞+2)𝑎𝑘𝑧𝑘−𝑞−2−𝑝(𝑝−1)𝛿(𝑝−2,𝑞)𝑧𝑝−𝑞−2∞
𝑘=𝑝+𝑛 ]+(1−𝛼)𝛿(𝑝−2,𝑞) 𝑧𝑝−𝑞−2

| <

𝑙 − 𝛽 . 

We have  𝛿(𝑝, 𝑞 + 2) = 𝑝(𝑝 − 1)𝛿(𝑝 − 2, 𝑞) then  

|
𝐴 ∑ 𝑘(𝑘−1)𝛿(𝑘−2,𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞

𝑘=𝑝+𝑛

𝐵 ∑ 𝑘(𝑘−1)𝛿(𝑘−2,𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞
𝑘=𝑝+𝑛 +(1−)𝛿(𝑝−2,𝑞) 𝑧𝑝−𝑞−2

|

< 𝑙 − 𝛽 

Since 𝑅𝑒(𝑧) ≤ |𝑧| for all z , we get 

     𝑅𝑒 |
𝐴 ∑ 𝑘(𝑘−1)𝛿(𝑘−2,𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞

𝑘=𝑝+𝑛

𝐵 ∑ 𝑘(𝑘−1)𝛿(𝑘−2,𝑞)𝑎𝑘𝑧𝑘−𝑞−2∞
𝑘=𝑝+𝑛 +(1−)𝛿(𝑝−2,𝑞) 𝑧𝑝−𝑞−2| <

𝑙 − 𝛽 ………(2.2) 

Taking values of z on the real axis then 𝑓(𝑞+2)(𝑧)

𝛿(𝑝−2,𝑞)𝑧𝑝−𝑞−2 is 

real then , upon cleaning the denominator in (2.2) and 

putting 𝑧 → −1, we get the desired result . 

Corollary 1.  Let the function 𝑓(𝑧)defined by (1.1) be in 

the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) then  

𝑎𝑘 ≤
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

 

Sharpness is hold for  

 𝑓(𝑧) = 𝑧𝑝 − (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝑧𝑘, 

(𝑘 ≥ 𝑛 + 𝑝 , 𝑛 ∈ ) 

3.Distortion property  

theorem 2. Assume function 𝑓(𝑧) is defined by (1.2) be 

in the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) then |𝑧| = 𝑟 < 1 

we have 

                          

(δ(p, m) − δ(p +
n, m) (l−β)(1−α)𝛿(𝑝−2,𝑞)

[A+B(l−β)](p+n)(p+n−1)δ(p+n−2,q)
rm)rp−m  

≤ |f (m)(z)| ≤

{δ(p, m) + δ(p +

n, m) (l−β)(1−α)𝛿(𝑝−2,𝑞)
[A+B(l−β)](p+n)(p+n−1)δ(p+n−2,q)

rm} rp−m…..(3.1) 

The result is sharp for the function 𝑓(𝑧)  given by  

                           

𝑓(𝑧) = 𝑧𝑝 − (l−β)(1−α)𝛿(𝑝−2,𝑞)
[A+B(l−β)](p+n)(p+n−1)δ(p+n−2,q)

𝑧𝑝+𝑛 ……(3.2) 

   Proof .By theorem 1 , we have                          

[𝐴 + 𝐵(𝑙 − 𝛽)](𝑝 + 𝑛)(𝑝 + 𝑛 − 1)𝛿(𝑝 + 𝑛

− 2, 𝑞) ∑ 𝑎𝑘

∞

𝑘=𝑝+𝑛

≤ (𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞) 

≤ ∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘

∞

𝑘=𝑝+𝑛

 

≤ (𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞) … … . (3.3) 

That is  

∑ 𝑎𝑘

∞

𝑘=𝑝+𝑛

≤
(𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞)

[𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)
… … . (3.4) 

From (1.3) and (3.4)  

|𝑓(𝑚)(𝑧)| ≥ {𝛿(𝑝, 𝑚)𝑟𝑝−𝑚 − 𝑟𝑝+𝑛−𝑚𝛿(𝑝

+ 𝑛, 𝑚) ∑ 𝑎𝑘

∞

𝑘=𝑝+𝑛

} 

≥ {𝛿(𝑝, 𝑚)𝑟𝑝−𝑚 − 𝑟𝑝+𝑛−𝑚𝛿(𝑝

+ 𝑛, 𝑚) (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)](𝑝+𝑛)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)
} 

                         

≥

{𝛿(𝑝, 𝑚) − 𝛿(𝑝 +

𝑛, 𝑚) (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
[𝐴+𝐵(𝑙−𝛽)](𝑝+𝑛)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)

𝑟𝑛} 𝑟𝑝−𝑚. . . . . . . (3.5) 

and  

|𝑓(𝑚)(𝑧)| ≤ {𝛿(𝑝, 𝑚)𝑟𝑝−𝑚 + 𝑟𝑝+𝑛−𝑚𝛿(𝑝

+ 𝑛, 𝑚) ∑ 𝑎𝑘

∞

𝑘=𝑝+𝑛

} 

≤ {𝛿(𝑝, 𝑚)𝑟𝑝−𝑚 + 𝑟𝑝+𝑛−𝑚𝛿(𝑝

+ 𝑛, 𝑚) (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)](𝑝+𝑛)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞))
}

≤ {𝛿(𝑝, 𝑚) + 𝛿(𝑝

+ 𝑛, 𝑚) (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)](𝑝+𝑛)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)
𝑟𝑛} 𝑟𝑝−𝑚   … … (3.6) 

The proof of theorem 2 is done.  

Putting m=0 in previous theorem 2 , we get the following 

corollary 

Corollary 2. Assume function 𝑓(𝑧) is defined by (1.2) 

be in the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) then  
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|𝑧| = 𝑟 < 1  

                                     

|𝑓(𝑧)| ≥ {1 −
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[A+B(l−β)]δ(p+n,q+2)
𝑟𝑛} 𝑟𝑝 … … (3.7) 

and  

                                    

|𝑓(𝑧)| ≤ {1 +
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[A+B(l−β)]δ(p+n,q+2)
𝑟𝑛} 𝑟𝑝 … … (3.8) 

The result is sharp. 

Putting m = 1 in previous Theorem 2, we get  

Corollary 3.  Assume function 𝑓(𝑧) is defined by (1.2) 

be in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽)  then |𝑧| = 𝑟 <

1 we have  

|𝑓′(𝑧)| ≥ {p − (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[A+B(l−β)]δ(p+n,q+2)
rn} rp−1 … … (3.9) 

and  

|𝑓′(𝑧)| ≤ {p + (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[A+B(l−β)]δ(p+n,q+2)
rn} rp−1 … … (3.10) 

The result is sharp  

Remark : Taking 𝑞 = 0 𝑎𝑛𝑑 𝑛 = 1 in Corollaries 2 and 

3 we obtain the result obtained      

                 by Aouf [3, theorem 2] 

4.Radius of Starlikeness and Radius of convexity  

Theorem 3. Assume function 𝑓(𝑧) is defined by (1.2) be 

in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) then 𝑓(𝑧)  is  𝑝 − 

valent close to convexity of order  η (0 ≤ η ≤ 𝑝) in 

|𝑧| ≤ 𝑟1 where  

𝑟1 = 𝑖𝑛𝑓 {
(𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞)

[𝐴 + 𝐵(𝑙 − 𝛽)]𝛿(𝑝 + 𝑛, 𝑞 + 2)
}

1

𝑘−𝑝

  (𝑘

≥ 𝑛 + 𝑝, 𝑝, 𝑛 ∈ 𝑁) … … (4.1) 

The result is sharp , the extremal function given by (2.4). 

Proof : we must show that      

                |
𝑓′(𝑧)

𝑧𝑝−1 − 𝑝| ≤ 𝑝 −  η    for |𝑧| ≤ 𝑟1   …..(4.2) 

where r1 is given by (4.1). Indeed we find from (1.2) that 

|
𝑓′(𝑧)

𝑧𝑝−1
− 𝑝| ≤ ∑ 𝑘𝑎𝑘|𝑧|𝑘−𝑝

∞

𝑘=𝑝+𝑛

 

Thus 

|
𝑓′(𝑧)

𝑧𝑝−1
− 𝑝| ≤ 𝑝 −  η 

If    

                            

∑ ( 𝑘

𝑝−η
) 𝑎𝑘|𝑧|𝑘−𝑝∞

𝑘=𝑝+𝑛 ≤ 1 … … … . (4.3) 

By theorem 1 , (4.3)  will be hold if  

(
𝑘

𝑝−η
) |𝑧|𝑘−𝑝 ≤ (

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞2

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
) 

Then 

             |𝑧| ≤ ([𝐴+𝐵(𝑙−𝛽)](𝑘−1)𝛿(𝑘−2,𝑞)(𝑝−η)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
)

1

𝑘−𝑝
…………(4.4) 

The result is follow from (4.4) 

Theorem 4. Assume function 𝑓(𝑧) is defined by (1.2) be 

in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽)then 𝑓(𝑧) is  

𝑝 − 𝑣𝑎𝑙𝑒𝑛𝑡 starlikeness of order η (0≤ η < 𝑝) 𝑖𝑛 |𝑧| ≤
𝑟2where  

                                 

𝑟2 = 𝑖𝑛𝑓𝑘≥𝑛+𝑝 ([𝐴+𝐵(𝑙−𝛽)](𝑘−1)𝛿(𝑘−2,𝑞)(𝑝−η)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
)

1

𝑘−𝑝
……….(4.5) 

The result is sharp the extremal function given by (2.4) 

Proof. We must show that  

           |
𝑧𝑓′(𝑧)

𝑓(𝑧)
− 𝑝| ≤ 𝑝 −  η    for   |𝑧| ≤ 𝑟2 ……….(4.6) 

where  𝑟2 given by (4.5). From definition ( 1.2) that  

|
𝑧𝑓(𝑧)́

𝑓(𝑧)
− 𝑝| ≤

∑ (𝑘−𝑝)𝑎𝑘|𝑧|𝑘−𝑝∞
𝑘=𝑛+𝑝

1−∑ 𝑎𝑘|𝑧|𝑘−𝑝∞
𝑘=𝑛+𝑝

 

Thus 

|
𝑧𝑓(𝑧)́

𝑧𝑝−1
− 𝑝| ≤ 𝑝 −  η 

If    

                          ∑ (𝑘−η

𝑝−η
) 𝑎𝑘|𝑧|𝑘−𝑝 ≤ 1∞

𝑘=𝑛+𝑝 ………(4.7) 

By using theorem 1 , (4.7) will be true if  

(
𝑘−η

𝑝−η
) |𝑧|𝑘−𝑝 ≤ (

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
) 

|𝑧| ≤ (
[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)(𝑝−η)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)(𝑘−η)
)

1

𝑘−𝑝
    𝑘 ≥ 𝑛 + 𝑝, 𝑛

∈ 𝑁 … … (4.8) 

Corollary 4. Let the function 𝑓(𝑧) defined by (1.2) be in 

the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽)Then 𝑓(𝑧) is in p-

valent convex of order η (0 ≤ η < p) in |z| ≤ r3 , where 

𝑟3

= 𝑖𝑛𝑓𝑘≥𝑛+𝑝 {
[𝐴 + 𝐵(𝑙 − 𝛽)]𝑝(𝑝 − 1)𝛿(𝑘 − 2, 𝑞)(𝑝 − η)

(𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞)(𝑘 − η)
}

1

𝑘−𝑝

 

Sharpness  is hold, with the extremal  given by (2.4). 

5.Closure theorems 

Theorem 5.Let 𝜇𝑗 ≥ 0 𝑓𝑜𝑟 𝑗 = 1,2, … . , 𝑚 𝑎𝑛𝑑 ∑ 𝜇𝑗 ≤ 1,𝑚
𝑗=1   

if function Body Math 𝑓𝑗(𝑧) defined by  

 𝑓𝑗(𝑧) = 𝑧𝑝 − ∑ 𝑎𝑘,𝑗𝑧𝑘  (𝑎𝑘,𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑚)∞
𝑘=𝑝+𝑛  

…(5.1) 

are in the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) for 𝑗 =

1,2, … , 𝑚 then the function f(z) defined by  

𝑓(𝑧) = 𝑧𝑝 − ∑ (∑(𝜇𝑗𝑎𝑘,𝑗)𝑧𝑘

∞

𝑗=1

) … … (5.2)  

∞

𝑘=𝑝+𝑛

 

Is also in the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) 

Proof : 

Since 𝑓𝑗(𝑧) is in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽)  then 

by theorem 1 that  

∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘,𝑗 ≤∞
𝑘=𝑝+𝑛 (𝑙 −

𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞) …….. (5.3) 

For every j=1,2,… m Hence 

 

∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 −∞
𝑘=𝑝+𝑛

2, 𝑞)(∑ 𝜇𝑗𝑎𝑘,𝑗
∞
𝑗=1 ) 

 = ∑ 𝑀𝑗
∞
𝑗=1 (∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 −∞

𝑘=𝑝+𝑛

2, 𝑞)𝑎𝑘,𝑗) 

≤ ∑ [𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)𝑎𝑘,𝑗

∞

𝑘=𝑝+𝑛

∑ 𝜇𝑗

∞

𝑗=1

= (𝑙 − 𝛽)(1 − 𝛼)𝛿(𝑝 − 2, 𝑞) 

From theorem 1 , it follows that  

𝑓(𝑧)𝜖 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) and so this completes 

the proof of theorem 5. 
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Corollary 5.   The class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) is 

closed under convq linear combination  

Proof : 

     Let the function 𝑓𝑗(𝑧)(𝑗 = 1,2) be given by (5.1) be in 

the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽)  . It is sufficient to 

show that the function 𝑓(𝑧) defined by  

                  𝑓(𝑧) = 𝜇𝑓1(𝑧) + (1 − 𝜇)𝑓2(𝑧)  

is in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) .But , taking m=2 

, 𝑐1 = 𝜇 , c2 = 1 − 𝜇  in theorem 5 , We have the 

corollary  

Theorem 6.  Let  𝑓𝑝+𝑛−1(𝑧) = 𝑧𝑝 

 and  

                              

𝑓𝑘(𝑧) = 𝑧𝑝 − (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝑧𝑘  , 𝑘 ≥ 𝑝 + 𝑛 

…….(6.1) 

Then 𝑓(𝑧) is in the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) if and 

only if it can be expressed in the form  

𝑓(𝑧) = ∑ 𝑀𝑘𝑓𝑘(𝑧) … … … . (6.2)

∞

𝑘=𝑝+𝑛−1

 

Where 𝜇𝑘 ≥ 0 𝑎𝑛𝑑 ∑ 𝜇𝑘 = 1∞
𝑘=𝑝+𝑛−1  

Proof : 

Assume that  

  𝑓(𝑧) = ∑ 𝜇𝑘𝑓𝑘(𝑧)∞
𝑘=𝑝+𝑛−1  

                                              

 = 𝑧𝑝 − (𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝜇𝑘𝑧𝑘 … … (6.3) 

Then it follows that 

∑ (
∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞

𝑘=𝑝+𝑛

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
) ∗

∞

𝑘=𝑝+𝑛

 

(
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝜇𝑘𝑧𝑘)

≤ ∑ 𝜇𝑘 = (1 − 𝜇𝑝+𝑛−1)

∞

𝑘=𝑝+𝑛

≤ 1 

Hence by theorem 1, we have 

 𝑓(𝑧) ∈ 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙, 𝛽). 

Conversely , assume that the function 𝑓(𝑧)defined by 

(1.2) belongs to the class  

𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽), then  

𝑎𝑘 ≤
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝑧𝑘 

Setting  

𝜇𝑘 =
∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞

𝑘=𝑝+𝑛

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
𝑎𝑘 

Where 

                 𝜇𝑝+𝑛−1 = 1 − ∑ 𝜇𝑘
∞
𝑘=𝑝+𝑛  

We can see that 𝑓(𝑧) can be expressed in the form (5.5) 

,this completes the proof of theorem 6  

Corollary 6.The extreme point of the class 𝑇𝑛
∗ 

(𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) are the function 𝑓𝑝(𝑧) = 𝑧𝑝 and  

𝑓𝑘(𝑧) = 𝑧𝑝 −
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)∞
𝑘=𝑝+𝑛

𝑧𝑘     𝑘

≥ 𝑝 + 𝑛 

6.Modified Hadamard products 

     Assume function 𝑓𝑗(𝑧)(𝑗 = 1,2) defined by (5.1) the 

Hadamard product of 𝑓1(𝑧) and 𝑓2(𝑧) is defined by  

                                 

(𝑓1 ∗ 𝑓2)(𝑧) = 𝑧𝑝 − ∑ 𝑎𝑘,1𝑎𝑘,2𝑧𝑘∞
𝑘=𝑝+𝑛 = 

(𝑓1 ∗ 𝑓2)(𝑧) … . (6.1) 

Theorem 7.Let the function 𝑓𝑗(𝑧)(𝑗 = 1,2) defined by 

(5.1) be in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) , 𝑡ℎ𝑒𝑛 (𝑓1 ∗

𝑓2)(𝑧) be in the class 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽),where 

𝜎 = 1 −
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)](𝑝+1)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)∞
𝑘=𝑝+𝑛

    (𝑛∈𝑁) …..(6.2) 

The result is sharp for the function 𝑓𝑗(𝑧)(j = 1, 2) defined 

by 

 𝑓𝑗(𝑧) = 𝑧𝑝 +
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

∑ [𝐴+𝐵(𝑙−𝛽)](𝑝+1)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)∞
𝑘=𝑝+𝑛

𝑧𝑝+𝑞(6.3) 

Proof : Depending the technique used earlier by Schild 

and Silverman [7], we must to show the largest 𝜎 such 

that  

∑
[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1))𝛿(𝑘−1,𝑞)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
𝑎𝑘,1𝑎𝑘,2 ≤ 1 … … . (6.4)

∞

𝑘=𝑝+𝑛

 

We have 𝑓𝑗(𝑧) ∈ 𝑇𝑛
∗ (𝑝, 𝑞, 𝐴 , 𝐵 ,  , , 𝑙, 𝛽) (𝑗 = 1,2) 

then  

∑
[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
𝑎𝑘,1 ≤ 1 … … . (6.5)

∞

𝑘=𝑝+𝑛

 

and  

∑
[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)
𝑎𝑘,2 ≤ 1 … … . (6.6)

∞

𝑘=𝑝+𝑛

 

By using Cauchy Scharz inequality , we have  

∑
[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞) √𝑎𝑘,1𝑎𝑘,2 ≤ 1 … … . (6.7)

∞

𝑘=𝑝+𝑛

 

It is sufficient to show that   

                                                  
1

1−𝜎
𝑎𝑘,1𝑎𝑘,2≤ 1

(1−𝛼)√𝑎𝑘,1𝑎𝑘,2 

……..(6.8) 

or  

                                                         √𝑎𝑘,1𝑎𝑘,2 ≤
1−𝜎

1−𝛼
……..(6.9) 

Hence in night of the inequality (6.9), it is sufficient to 

prove that  

                                         
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
 ≤ 

(1−𝜎)
(1−𝛼)     (𝑘 ≥ 𝑝 + 𝑛)……..(6.10) 

From (6.10) we have  

                𝜎 ≤ 1 −
(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−𝛼)2

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
……..(6.11) 

In the next , we defined the function 𝑅(𝑘)by  

                                              

𝑅(𝑘) = 1 −
(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−𝛼)2

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
…….(6.12) 

We note that 𝑅(𝑘) is an in creasing function of k 

(k≥ 𝑝 + 𝑛), therefore , we caclud that 

                                 𝜎 ≤ 𝑅(𝑝 + 𝑛) =

1 −
(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−𝛼)2

[𝐴+𝐵(𝑙−𝛽)](𝑝+𝑛)(𝑝+𝑛−1)𝛿(𝑝+𝑛−2,𝑞)
… … . (6.13) 

The proof is completes 

Putting β = 1 in Theorem 7, we obtain the following 

corollary. 
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 Corollary 7. Let the functions 𝑓𝑗(𝑧)(𝑗 = 1,2)defined by 

(1.2) be in the class Tn
∗ (p, q; A , B ,  , , l) Then  where 

𝛾 = 1 
 The result is sharp. 

Corollary 8. For 𝑓1(𝑧)𝑎𝑛𝑑 𝑓2(𝑧) as in Theorem 7 , the 

function  

                ℎ(𝑧) = 𝑧 − ∑ √𝑎𝑘,1𝑎𝑘,2
∞
𝑘=2  𝑧𝑘 

belongs to the class 𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙). 

This result follows from the Cauchy-Schwarz inequality 

(6.7). It is sharp for the same functions as in Theorem 7. 

Theorem 8. Let the functions 𝑓𝑗(𝑧)(𝑗 = 1,2) defined by 

(5.1) be in the class𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  , , 𝑙). Then the 

function 

                                           

 ℎ(𝑧) = 𝑧𝑝 − ∑ √(𝑎2
𝑘,1𝑎2

𝑘,2)∞
𝑘=𝑝+𝑛  𝑧𝑘 …….(6.14) 

belongs to the class  𝑇𝑛
∗ (𝑝, 𝑞; 𝐴 , 𝐵 ,  ,  , 𝑙, 𝛽), 𝑤ℎ𝑒𝑟𝑒 

 

The result is sharp for the functions 𝑓𝑗(𝑧)(𝑗 = 1,2) 

defined by (6.3) 

Proof. By virtue of Theorem 1, we obtain 

∑ [
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
]

2

𝑎2
𝑘,1 ≤∞

𝑘=𝑝+𝑛  

∑ [
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
𝑎2

𝑘,1]
2

≤ 1 … . (6.16)∞
𝑘=𝑝+𝑛  

and  

∑ [
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
]

2

𝑎2
𝑘,2 ≤∞

𝑘=𝑝+𝑛  

∑ [
(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
𝑎2

𝑘,2]
2

≤ 1∞
𝑘=𝑝+𝑛 … . (6.17) 

It follows from (6.16) and (6.17) that 

                                                      

∑
1

2

∞
𝑘=𝑝+𝑛  [

(𝑙−𝛽)(1−𝛼)𝛿(𝑝−2,𝑞)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
]

2

(𝑎2
𝑘,1𝑎2

𝑘,2) ≤

1Therefore, we need to find the largest ζ such that 

                    
(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−ζ)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
≤

1

2
[

(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−𝛼)

[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
]

2

… … … . (6.19) 

that is, that 

                                                

ζ ≥ 1 −
(𝑙−𝛽)𝛿(𝑝−2,𝑞)(1−𝛼)2

2[𝐴+𝐵(𝑙−𝛽)]𝑘(𝑘−1)𝛿(𝑘−2,𝑞)
… … … . (6.20) 

since 

𝐷(𝑘) = 1 −
(𝑙 − 𝛽)𝛿(𝑝 − 2, 𝑞)(1 − 𝛼)2

2[𝐴 + 𝐵(𝑙 − 𝛽)]𝑘(𝑘 − 1)𝛿(𝑘 − 2, 𝑞)
… … (6.21) 

is an increasing function of 𝑘(𝑘 ≥ 𝑝 + 𝑛), we readily 

have 
ζ ≥ D(p + n)

= 1 −
(𝑙 − 𝛽)𝛿(𝑝 − 2, 𝑞)(1 − 𝛼)2

2[𝐴 + 𝐵(𝑙 − 𝛽)](𝑝 + 𝑛)(𝑝 + 𝑛 − 1)𝛿(𝑝 + 𝑛 − 2, 𝑞)
… (6.22) 
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