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Abstract: Let M be an R-module and T be a submodule
of M. A submodule K of M is called ET-small submodule
of M(denoted by K«gM) , if for any essential
submodule X of M such that TSK+X implies that TSX.
We study this mentioned definition and we give many
properties related with this type of submodules.
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1. Introduction

Throughout this paper R is a commutative ring with
identity and M a unitary R-module. A proper submodule
N of M is called small (N « M), if for any submodule K
of M (K = M) such that K + N = M implies that N = M.
A submodule N of M is essential (K =_M) if KrL=0,
then L=0, for every L= M [1] . A submodule N of M is

closed (N =_M) if N has no proper essential extensions
inside M that is, if the only solution of the relation N
=_.K =_ M is N=K][2]. The submodule N of M is called
an essential- small (N «¢M )submodule of M , if for every
essential submodule T of M such that M = N + T implies
T=M[3].

In [4] the authors introduced the concept of small
submodule with respect to an arbitrary submodul ,that a
submodule K of M is called T-small in M, denoted by K
«T M, in case for any submodule X of M, such that TS
K+X, implies that TEX .

In this work we introduce essential T-small (ET-
small) submodule, where an R-module M and T be a
submodule of M. A submodule K of M is called ET-small
submodule of M (denoted by KKgr M ), if for any
essential submodule X of M such that TEK+X implies
that TEX. In the first section , we give the fundamental
properties of of ET-small submodules, Also we give many
relations between ET-small submodule and other kinds of
small submodules.
In the second section, we introduce essential T-
maximal(ET-maximal) submodules and the essential T-
radical (ET-radical ) submodules of M denoted by
RaderM, We give the fundamental properties of this
concepts.

2. Essential T-small submodule.

Definition2.1:Let M be an R-module and let T be a
submodule of M .A submodule K of M is called ET-small
submodule of M (denoted by K<gr M ), if for any
essential submodule X of M such that TESK+X implies
that TSX .

Remarks and Examples 2.2:

1. Consider Zg as Z-module .Let T={0,3}, K={0,2,4}.The
only essential submodule of Zg is Zg if TSK+Zg ,then
TCZ, .ThusK<g1Zs.
2.1t is clear that Every T-small submodule of M is ET-

small submodule of M but the converse is not true as for
the following Consider Z,, as Z-module and Let T={0, &
, 16 }, N=8Z,, the only essential submodule in Z,, are
2224, 4224 and 224, T:8224 g8224 +2224 and 8224g 2224
,alSO 8254 €824 +42Z5, , 8254 4275, and 82Z54C Zoa Then
8Z,, ET-small submodule of Z,, which is not T-small
submodule of Zos since
822498224+3224but8224.¢_3224.

3. Let M be an R- module and T=0.Then every essential
submodule of M is ET-small in M.

4. Let M be an R-module and T=M .Then N<grM if and
only if N« M.

Proposition 2.3: Let M be an R-module and let T,H and
L be submodules of M suchthat T< Nand H< N <M
and N« M. If H&gr M, then H<gr N.

Proof: Let H be ET-submodules of M and X be an
essential submodule of N such that TEH+X .since X <,N
and N<, M so X <, M[2], then H&Kgr M, and TEX .
Proposition 2.4: Let M be an R-module with submodules

N <H <M suchthat T< H .If N&gr H, then  N<gr M.
Proof: Suppose that TE&N+X, for any essential
submodule X of M Since Tg&H, then

T=TNHS(N+X)NH=N+(XNH) by modular law , since X
<e M and H < H, then (XNH) <, (MNH) =H [2], and
N<«grH , then TEX. Thus N&gr M .

Proposition 2.5: Let M be an R-module and Let T, N;
and N, be a submodules of M, Then N;<gt M and No<gt
M if and only if N{+N,&grM .

Proof: Suppose that N;<«<gr M and N,<<gr M and  Let
T< (Ny+N,)+X , for any essential submodule X of M,
then TS Ni+(N,+X) , since X <, M and N,<, Ny, then
N,+X <, M [2] and N;<gr M Then TS N,+X, since
N,<gr M Then TS X. Conversely, let N;+N,<gr M, to
show that N;<<gr M and N,<«<gr M, Suppose that TS N,
+X, for any essential submodule X of M, since N,
N1+N,,50 TS N;+No+X, but N;+N,<er M, so TE X, thus
N;<gr M, and the same we have N,<gr M.

Proposition 2.6:Let M be an R-module and Let H be a
submodule of M .If {T;}ie be a family set of submodules
of M such that H <er; M, for each i €l, then H <<zx, i3
M.

Proof:Let ( Z;s; T; )€ H+X, for any essential submodule
X of M. then for each i €l, T; € H+X and by hypothesis
Tic X, thus (Z;e; T )E X,

Proposition2.7: Let M and N be any R-modules and f:
M — N be a homomorphism .If T and H are submodules
of M such that H&<gr M then f (H)<gr(y N .

Proof: Let f (T) # 0 and f (T)cf (H)+X , for any
essential submodule X of N .to show TSH+ f (X) . let
t €T, then t=h +w ,for some he H and be f *(X) .Hence f
(t)=f (h + b)=Tf (h)+f (b) .Thus f (t)-f (h) = f (b) , thus f (t-
h) = f (b) € X and so( t-h) € f *(X) implies that t € H+ f -
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Y(X).since X<, N Thus f *(X) <, M [2] and H&gr M
therefore TS f™(X) .Thus f(T)cX.

Proposition 2.8: Let M be an R-module and Let T, H
and N be submodules of M such that H < N< M and H <

T.if N&grM then H<gr M and EG’E—TE'
; 21y

Proof: Let N<«Egt M .To show that H&gr M, let
TCSH+X, for any essential submodule X of M .butH <
N< M, so TCN+X .then TCX Thus H«<gr M. Now to

show that = <w-: T ‘— , let ; c ; + =, for any essential
submodule z of E such that HEX. Then I 5
H ;}.’ " H H
TSN+X , Since = ‘— then X <, M [3], and N<gt
}-."

M, then TEX Thus —Cc j—: .

Proposition2.9: Let M be an R-module and Let T, H
and N be submodules of M such that H < N< M and
H<TandH<M ,if = = then N<gr M.

QE '.I'
e

Proof: Let HKgr M and — <~\E Tf ,to show that N<«g7

H

M, let TEN+X, for any essentlal submodule X of M

and HCX . Now —c &£ = X, % sinceXﬁeM and H
y HoH H H
<. M then 2 Se = [3] But = <\ET so—C |mpI|es

that TEX .thus N<<ETM.

Corollary2.10: Let M be an R-module and Let K and H
be submodules of M such that K&gy M and H<gx M .
Then (HﬂK)<<E(K+HM
Proof: Let K«gy M and H<«gx M, since (HNK) <H
and (HNK) < K, by Proposition (1.4),(H NK) <gx M and
(HNK) «<gy M. Also by Proposition (1.6) we get (H NK)
<<E(K+H) M.

Proposition 2.11:Let M be an R-module and Let T, K
,H and B be submodules of M such that K <H < B < M,

K<, M and H<, M. Then 5 7 K Z if and only if %

B :I E
and = « “
<~\ Tn,".‘l}-: z S T K‘l.—e .
B M
Proof: Let = E_ Tk —.To show that = < _ r=s — , let
K ECLIK H B H

T+H g X B+X . X M
= c=+- === forany essential submodule - of —

H H H 1 7
T+E F+X

and HEX . Hence TST+HSB+X .So ;:_ c -
.Thereforei{ﬂg§+;.since X< M and K<, M the n{ <e
el [3 ] But 2 % g 2 ,therefore "2 c s
Ey K EI,T:I K K K

TcT+KeX and hence % c y; .Thus E & T4H ¥ 10

=
H M T+HE H X

show that — <« _r=x — .Let L C — + = for any
F Ef Pl.':l K H F

T+.r<‘ c H+X

essential submodule ;;of 7 KeX. Then

H
and hence TET+KCH+XCS B+X implies that T c i

.—<‘

B X . B M T+H

=—=+=,8Since — < _r=x —, then —C—Thus—
H K H El_a.ﬁ}-f K

¥and 2« E

T H .-:G‘ Ta:,“:

.To shows that % << T ¥ oLet ZE ¢ ; + ; for any

a. — K R
submodule - of —Then

E_THE E.Conversely letZ & rem
E[T:l K ! " .E[T

+X& B+X

essential € — and hence

TST+KEB+X .s0 T+H c B+X+H |mpI|es that

B+X+H _ B+X
— T L therefore —— C ; + =, since X<, M and

T+
—C
H

T+H

Hsc M then y; = [3] and 2 e 0N , therefore T
= ;

C = ThenT+H < X ButT+ k c T+H and Xc X+H,
0] T+ k T+H c X € X+H therefore T+ k € X+H S0

T+E X+H
ECEE X0 E since Xse M and Ksc M then Z <,
H R H .rf
3 and - "I
-\E TP‘:R’ =K, R

Proposmon2.12. Let M—M@Mz be an R module such
that R=Ann (M1)+Ann (Mz) Jf Nj<er My and N, <<eTo
Mz, then N1$N2<<E(T1$T2)M-
Proof: Let T;&T, © N;EN,+X, for any essential
submodule X of M .Since R=Ann (Mj)+Ann (M,) .Then,
by the same argument of the prove of [6, prop. 4.2, ch 1]
X= X & X, for any essential submodule X; of M; and
submodule X, of M, .Hence T{ET,SN;EN,+X,EX,
Jmplies that TET,< (N;+X;) & (N,+X,) .to show that
T:EN+X; and T,EN,+X, .let t,€ T;and tE T, then
titt, ETIBTE (Ni+X) & (N2+Xy), s0 t; € (Ni+Xy)
and t; € (N,+Xy), then T;€N;+X; and T,EN,+X,, Since
N;<<e71 M1 and No<er, My, then T,€X; and T,€X, and
hence T1$T2§X1@X2: X .Thus N1$N2<<E(T1®T2) M.
Recall that an R-module M is called a fully stable
module if for each submodule K of M and for each R-
homomorphism f from M into K, f (K)SK [5].
Proposition2.13: Let M=&;-1M; be a fully stable module
If Ki<gmy M;, for  each i€l then
BictKi€erzy 7o PiatMi.
Proof: Let M=&B;M; be a fully stable module and K«
emy M; for each i€l .To show that
$IE[K<"E|,_,|_=, T $IE[M Let {$IE[T) C{$IE[K )+X
for any essential submodule X of M .Claim that
X=B=1(XNM;) .To show that, for each i€l let Pi: M —
M; be The projection map and let x€ X ,then xe&B=iM;
and hence X=X xi where  Xi € Mi, V i€l and xi # 0 for
at most a finite number of i€l .Since M is fully stable,
then Pi (x) € X, V i€l .Now P; (X) = P; ( Eicr % ) = X € (X
N Mi ) and hence x=(Zigxi)€PBii(XNM;) .Thus
XS&Ei(XNM;) Clearly &Eizi(XNM)EX . Thus K=
DBict(KNM)  Now EBiaiT € (Bt Ki)+(Biet (XNM))
= P (Ki+(XNM;)) .Therefore T,c Ki+(XNM;) ,for each
i€l .Since Ki<gmy M; then Tic(XN Mi) and hence
$IE[TC$IE[(XnMI) X . thus H':'lE[K{'\E:,_,L.:, |:|$IE[M
Recall that the annihilator of M Ann(M) ={reR | rM =
0} [6], M is a faithful module if Ann(M) = 0. M is a
multiplication module if for each submodule N of M,
there exists an ideal | of R such that N=IM [7].
Proposition2.14: Let M be a finitely generated, faithful
and multiplication module and let I, J be ideals in R .Then
I<g R ifand only if IM<Kggmy M.
Proof: Let I<gR .To show that IM<gomy M .Let
JMcIM+X, for any essential submodule X of M .Since
M is multiplication module, then X=KM, for some ideal K
of R and hence JMCIM+KM= (I+K)M .since M be a
finitely generated, faithful and multiplication module,
therefore M is a cancellation module, by [9] .then JSI+K
since. K < R .Since I«<g R ,then JEK .Hence
JMEKM=X .Thus IMK ggmy M. Conversely, let IM<gm)
M .To show that I«g; R .Let K be essential ideal of R
such that JSI+K .Since M is multiplication module, then

[11]
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JMEIM+KM .But IM<gyw )M, therefore IMEKM .So
JEK .Thus I<gR.

3. Essential T-Radical of M.Recall that if M an R-
module and T be a submodule of M. A submodu[e K of
M is called T-maximal submodule of M ifis Tﬁ_i simple

[4]. In this section, we introduce the definitions of ET-
maximal submodules and ET-radical of a module as a
generalization of T-maximal submodules and T-radical
of a module and we discuss some of the basic properties
of this concepts.

Definition 3.1: Let M be an R-module and let T be a
submodule of M .An essential submodule K of M is called
essential T-maximal(ET-maximal) submodule of M if
Txi is simple.

Remarks and examples 3.2:

1.1f M is a unform R-module M and let K be a submodule
of a module M, then K is ET-maximal submodule of M
if and only if K is T- maximal submodule of M.

2.I1f T a submodule of M then every ET-maximal
submodule of M is T- maximal submodule of M but the
converse is not true as the following example.

Consider Zs as Z-module .Let T={0,24} and
K={,3}.Then K is T-maximal submodule of Zs , where
fzilen _ 26 {0,2,4} is simple, but K is not ET-

k] k] - '
maximal submodule of Zgsince K is not
submodule of Zg.

Since every ET-maximal submodule of M is T-
maximal submodule .The following we get without prove
since the prove is as the same way on [4],[8]

Proposition 3.3:Let M be an R-module and( 0 =T) be a
proper finitely generated submodule of M and let
A={L<M|L <M and L+K € T +K, for all ET-
maximal submodule K of M} and

B = {K <M | K is an ET-maximal submodule of M}.
Then Epcal =Npes K.

Proposition 3.4: Let M be an R-module and be a finitely
generated submodule of M and acM Then Ra isnot ET-
small submodule of M if and only if there exists H is
ET-maximal submodule of M such that agH and T <
Ra+ H.

Proposition 3.5:Let M and N be an R-modules and f : M
— N be an R-homomorphism. If T is a submodule of M
and K is an ET-maximal submodule of M such that kerf
c K, then f(K) also is an Ef(T)-maximal submodule of N.
Proposition 3.6: Let M and N be an R-modules and f: M
— N be an R- epimorphism . If T is a submodule of M
and K is an Ef(T)-maximal submodule of N, then f'(K)
also is an ET-maximal submodule of M.

Proposition 3.7: Let H and T be submodules of a module
M such that T is finitely generated and TZH .Then there
exists a ET-maximal submodule of M containing H.
Definition 3.8: Let M be an R — module the intersection
of all essential T-maximal submodules of M is called a
essential T-Radical of M (denoted by Radgr(M)) .If M has
no ET-maximal submodule , then Radgr( M) =T
Remarks and Examples 3.9:

1. If M be an uniform R-module then Radgr (M) = Rady
(M).

2.1f. T=M.then.Rader(M)=Rad.(M).

3.Consider Zg as Z-module .Let T=Zg and K; = Zg are

essential

ET-maximal submodules of Zg , therefore Radgt( Zg) = Zs

4. Consider Z, as Z-module .Let T= Z,and K= {,2}, then
K is the only ET-maximal submodule of Z, .To show that,

o - . .
34[;3 ={0,7} is a simple .Thus Radsr Z,= Rad:
Z,={0,2}. 5.Consider Z,= as Z-

module .Let T= Zyw=, then Z,o has no ET-maximal
submodule and hence RadgrZ,me= Z5e.

Proposition 3.10: Let M be an R-module and let T be a
finitely generated submodule of a module M .Then
Rader (M) Kgt M.

Proof: Assume that T € RaderM +X, for any essential
submodule X of M .to show that T < X suppose that T &
X .Then by Proposition (2.7) , there exists a ET-maximal
submodule K of M such that X € K .Therefore T <
RaderM + X € K .implies that T € K, so Tﬂ,i = 0 which

contradicts the T-maximality of K. Thus T € X, Thus
RadET (M) <<ET M
Lemma 3.11: Let M be an R- module and let T be a
finitely generated submodule of a module M and m € M
such that R,+H €T+H, for all ET-maximal submodule H
of M, then R, << zrM iff m ERadgr (M) .
Proof: Let R, <M and R+ H € T+H, for all ET-
maximal submodule H of M , By Proposition (2.3) then
Ry € Awhere A = {L <M | L&KM and L+HEST+H, for
all ET-maximal submodule H of M} . Hence R, S
RadgrM. For the converse, let me RadetM . To show that
Rm “zrM . Suppose that Ry, is not ET-small submodule
M . By Proposition (2.4), then there exists H is a ET-
maximal submodule of M with m¢ H then m¢ RadgtM
which is a contradiction .Thus R, is a ET-small submodue
of M.
Proposition 3.12: Let M and N be an R-modules and f :
M — N be an R-epimorphism such that Kerf € RadgtM.
Then f(RadETM) = Rad Ef(T)N.
Proof: Since f is epimorphism, by Proposition ( 2.5) and
Proposition(2.6),we,have f(RadgrM) = f(Mg-s K) =
I"IJ,-::;L.:,EE‘F{H] = RadEf(T)N, where,
A ={K <M |K is an ET-maximal submodule of M} and
B={f(K) < N| f(K) is an Ef(T)-maximal submodule of N}.
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